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Abstract

This thesis presents a collection of results in the representation theory of
the general linear group in defining characteristic, with a focus on multilinear
constructions, explicit maps and combinatorial techniques.

We use tableaux to describe concrete models for the the Schur and Weyl
endofunctors, and hence in particular the Weyl modules, their duals, and
the Specht modules.

We establish a number of modular plethystic isomorphisms — isomor-
phisms between modules obtained by iterated Schur and Weyl endofunctors —
for GLy(K'), where K is an arbitrary field. Our isomorphisms are generalisa-
tions of classical results, and require dualities that were not present in charac-
teristic 0. An example is Hermite reciprocity Sym,, Sym! E 2 Sym,; Sym™ E,
where F is the natural representation. We exhibit explicit maps for our
isomorphisms.

We study the image under the inverse Schur functor of the Specht module
for the symmetric group, proving a necessary and sufficient condition on the
indexing partition for this image to be isomorphic to the dual Weyl module
in characteristic 2, and giving an elementary proof that this isomorphism
holds in all cases in all other characteristics. We use this result to identify
some indecomposable Specht modules. When the isomorphism does not hold,
we describe some particular examples and prove some additional results,
including a bound on the dimension of the kernel of the quotient map onto
the dual Weyl module.

Finally we investigate a family of Markov chains on the set of simple
representations of the finite group SLo(IF,,), defined by tensoring with a fixed
simple module and choosing an indecomposable non-projective summand. We
draw connections between the properties of the chain and the representation
theory of SLa(F,), emphasising symmetries of the tensor product. We also
give a novel elementary proof of the decomposition of tensor products of

simple modular SLy(F,)-representations.
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Updated April 2023.

Bibliography updated to include journal information of recent publica-
tion ([McD23)).

Updated April 2022.

Permutation 7 corrected to 7° in the penultimate line of displayed
math on page 96.

Indices j and k corrected to j° and k° in the definitions of N; and N,
on page 100.

Lower bound on |K| reduced from p*3 to 1 + 2p°*! in statement of
Proposition 11.14.
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{0,p%,p° 1} to {jp | 0 < j < p°} in proof of Proposition 11.14.
Upper summation index corrected from [ —¢ to ¢ in calculation of M., v;
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Introduction

0.1. Overview

This thesis collects a number of results on the representation theory of
the general linear group in defining characteristic, with a focus on multilinear
constructions, explicit maps and combinatorial techniques. The multilinear
constructions are known as Schur and Weyl endofunctors, which we denote
V* and A? respectively. When applied to the natural representation E
of the general linear group GL,(K) over a field K, these functors yield
the dual Weyl and Weyl modules. These modules are of great importance
in the study of the representation theory of the general linear group: the
socles of the dual Weyl modules (or equivalently, the heads of the Weyl
modules) form a complete irredundant set of simple modules in the category
of polynomial representations. When these endofunctors are applied to the
natural permutation module of the symmetric group 5,., after restriction to
a certain subspace we obtain the Specht modules S* and their duals, which
likewise give rise to a complete irredundant set of simple modules (the heads
of the Specht modules indexed by p-regular partitions, or the socles of the
dual Specht modules indexed by p-restricted partitions).

The first goal of this thesis is to provide concrete descriptions of the Schur
and Weyl endofunctors — and hence the Weyl, dual Weyl and Specht modules
— viewing both functors both as explicit submodules and as explicit quotients
of symmetric or exterior powers. This is achieved in Chapter 1. Tableaux and
tabloids are used to model the elements of our modules in a visual way which
is amenable to combinatorial techniques, and which holds for representations
of any group over any field. The majority of this construction is well-known,
at least in the context of the general linear or symmetric groups; however, it
has not appeared all in one place in our generality, and some existing sources
rely on excess machinery such as the theory of algebraic groups and the Schur
algebra. Additionally, our description of the row Garnir relations satisfied
by the Weyl endofunctors is a new generalisation of the row relations for

the dual Specht module. A review of existing constructions is given below.
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We aim to provide a unified, elementary treatment; the author hopes that
Chapter I will serve as a helpful and thorough reference for the Schur and
Weyl endofunctors which brings out both their simplicity and utility.

A crucial property of the Weyl and dual Weyl modules is that they are
polynomial. In Chapter II we introduce this property and its connection
with the representation theory of the symmetric group: the Schur functor F
and its one-sided inverses Gg and Grom (not to be confused with the Schur
endofunctors above). Once again we give elementary definitions, bypassing
the need for the Schur algebra and thereby presenting constructions of the
Schur functor and its inverses which generalise to finite fields (see Remark 6.22
for a comparison with the Schur algebra approach).

The remaining three chapters collect the author’s results on represen-
tations of the general linear group in defining characteristic. Each of these
chapters is logically independent from the other two. Chapter III draws on
[McDW22], investigating isomorphisms between K GLa (K )-modules obtained
by iterated Schur and Weyl endofunctors, generalising some well-known clas-
sical results to the modular case; Chapter IV draws on [McD21], investigating
the image of the Specht modules under the inverse Schur functor in arbitrary
characteristic; Chapter V draws on [McD22], investigating tensor products
of representations of the finite group SLy(F,) and a random walk on their
indecomposable summands. An overview of each of these chapters can be

found below.

0.2. Existing constructions of the Schur and Weyl endofunctors

There are many treatments of the Schur and Weyl endofunctors, especially
in the case of their application to representations of the general linear group
GL,,(K) and the symmetric group S;.

Our submodule construction of the Schur endofunctors, including the
use of the Garnir relations, is a generalisation to arbitrary groups of the
construction of the dual Weyl modules given by de Boeck, Paget and Wildon
[dBPW21]. Their GL-polytabloids we call simply polytabloids, and their

snake relations are a particular case of our Garnir relations. This is also
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the construction used by the author in [McD21]. When used to obtain the
Specht module, this construction becomes that due to James [Jam78].

Green [EGS08, §4] constructs the dual Weyl module (which he denotes
Dy i) as a module for the Schur algebra spanned by bideterminants, and
shows that it can also be obtained as the quotient of the tensor power E®I
by relations combining our Jar and Garnir relations ([EGS08, §4.6]), or by
inducing a certain character from a Borel subgroup to GL,(K) ([EGS08,
§4.8]). The Weyl module is defined by Green [EGSO08, Section 5] to be its dual
(which he denotes V) k), and is shown to be isomorphic to the Carter-Lusztig
Weyl module [CL74, Section 3.2] (denoted V*).

Green also shows that the Weyl module is generated by its highest weight
vector [EGS08, (5.3b)]. Wildon [Wil20] uses this as a characterising property
of the module as a submodule of the exterior power in order to identify,
in the case that K is infinite, a basis consisting of the elements we call
copolytabloids.

In the case K = C, Fulton constructs the dual Weyl module (which he
denotes E* and calls the Schur module) as the quotient of an exterior power
by his quadratic relations [Ful97]. This is equivalent to our construction of
the Schur endofunctor as the quotient by the Garnir relations.

James constructs the dual Weyl module (which he denotes W* and,
unfortunately in the light of modern terminology, calls the Weyl module) by
summing the images of the space of polytabloids of symmetric type under
maps which induce each possible weight [Jam78, Definitions 17.2, 17.4 and
26.4, pp. 65,127,129]. The correspondence between this and our construction
is noted in [dBPW21, Remark 2.16].

Constructions of the Schur and Weyl endofunctors themselves appear
in [Kou91] and [ABW82] (the latter using the name “coSchur” in place of
“Weyl”). Kouwenhoven’s construction is through the letter place algebra.
Akin, Buchsbaum and Weyman’s definition, given for skew partitions, is
as the image of a recursively defined map; this presents the endofunctors
as quotients, but in contrast to our construction does not give an explicit

model.
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The row Garnir relations — described in §3.4 to present the Weyl endo-
functor as a quotient of a symmetric power — do not appear in the literature.
These relations are a non-trivial generalisation of the row relations for the

dual Specht module.

0.3. Chapter III: Modular plethystic isomorphisms

In the context of representation theory, plethysm refers to the composition
of Schur and Weyl endofunctors, and the goal is to describe modules of the
form VA#VAE, and those with a A in place of a V, where E is the natural
GL, (K )-module. In this chapter we describe or rule out the existence of a
number of isomorphisms between representations of GLy(K) of this form, in
arbitrary characteristic. We call such isomorphisms plethystic isomorphisms.
This chapter draws on the author’s joint work with Mark Wildon [McDW22].

The characteristic-free isomorphisms we prove, stated for the special

linear group SLo(K) where K is an arbitrary field, are: Hermite reciprocity
Sym,, Sym' E = Sym; Sym™ E;
the Wronskian isomorphism
Sym,, Sym' E = A" Sym!T™ ! E;
and the complementary partition isomorphism
VA Sym! E = V*° Sym, E,

where \° denotes the complement of A in a rectangle with [ + 1 rows. In each
case we exhibit an explicit map. Here Sym' denotes the usual symmetric
power, a quotient of the tensor power; Sym; denotes its dual, the lower
symmetric power, defined in §3.2.

On the other hand, we show that the conjugate partition isomorphism
v)\ Symm+>‘/1_1 B =~ v)\/ Symm-i-)q—l E,

known to hold over C under certain conditions on A by [Kin85, §4], does
not have a modular analogue under any combination of swapping Schur
and Weyl endofunctors and upper and lower symmetric powers. We prove

this by considering hook partitions of prime power arm and leg length, and
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introducing a new invariant called the defect set to distinguish the modules.
The author credits Mark Wildon for the introduction of this invariant.

Many classical (characteristic 0) plethystic isomorphisms are known,
including the classical versions of the above isomorphisms. Some have been
known for a long time — Hermite reciprocity, for example, dates back to the
19th century — while more recent works on the subject include King’s [Kin85]
and Paget and Wildon’s [PW21]. In the modular case, only compositions of
symmetric and exterior powers have previously been studied: [Kou90b| shows
the failure of the naive generalisation of Hermite reciprocity; [AFPT19] gives
correct generalisations of Hermite reciprocity and the Wronskian isomorphism,
but lacks our explicit description of the maps. Moreover, our approach to
the Wronskian isomorphism is more general than, and uses different methods
to, both [AFPT19] and [McDW22]: here we prove that there is an injection
Sym.. Sym! E < A Sym'*"~! E where m = (mtz_l) and FE is the natural
representation of SL, (K) for any n. Further comparison of our work with
existing results, both classical and modular, is given in the introduction to
Chapter III.

Though this thesis does not study it, we remark that plethysm also has
a combinatorial definition: it is a certain product of symmetric functions,
denoted o. This is the original meaning of the term, defined for example in
[Mac98, Section 1.8]. The connection with representation theoretic plethysm
is characters: the formal character of V#FE is the Schur polynomial sy, and
the formal character of VAVAE is the plethysm product s, 0 s). Here,
the formal character of a representation V' of GL,(K) is the polynomial
whose coefficient of [[; zq, is the dimension of the a-weight space of V' (see
Definition 6.1 for the definition of weight spaces). In characteristic zero, a
representation is determined by its formal character, and so, in the classical
setting, decomposing VAV FE into irreducibles is equivalent to writing 5,05)
as a linear combination of Schur polynomials. Finding a combinatorial
interpretation of these coefficients is the task set by Stanley’s Problem 9

([Sta99]).
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0.4. Chapter IV: The Specht module under the inverse Schur

functor

The inverse Schur functor Gg is a map from the category of representations
of the symmetric group to the category of (polynomial) representations of the
general linear group (see §6 for the definition of Gg). This chapter studies,
in all characteristics, the image of the Specht module S* under the inverse
Schur functor, drawing on the author’s [McD21].

It has been known for some time that in characteristics other than 2 and
3, the image Gg(S?) is isomorphic to the dual Weyl module VAE [KNO1,
3.2]. This fact is also known in the more general context of g-Schur algebras
and Hecke algebras of quantum characteristic at least 4 [HN04, Theorem
3.4.2]. A related result identifying the image of the twisted Young module in
characteristics other than 2 is given in [CPS96, Theorem 5.2.4].

Here we give a necessary and sufficient condition on the indexing partition
for the isomorphism Gg(S*) = VAE to hold in characteristic 2, and give
an elementary proof that this isomorphism holds in all cases in all other
characteristics. The condition is this: provided dim E > |A\| — 2, there is an
isomorphism G, (S*) = VAE if and only if ) is 2-regular, or if \; = Ay > A\3+2
and A\ minus its first part is 2-regular. The novelty of these results is in
characteristics 2 and 3. Additionally, the approach here establishes the
isomorphisms in characteristics other than 2 without the level of homological
algebra used in the accounts cited above.

We deduce from this result some new examples of indecomposable Specht
modules: whenever A\ meets the condition above, S* is indecomposable.
Determining the decomposability Specht modules in characteristic 2 is an
open problem; the first family of decomposable Specht modules was identified
by Murphy [Mur80], after which there was little progress until the recent
results of Dodge and Fayers [DF12] and Donkin amd Geranios [DG20]. Our
result adds to the list of Specht modules whose decomposability is known.

When the isomorphism Gg(S*) = V*E does not hold, the dual Weyl
module is still a quotient of the image Gg(S*). We prove some additional

results in this case: we demonstrate that the image need not have a filtration
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by dual Weyl modules; we bound the dimension of the kernel of the quotient

map; and we give some explicit descriptions for particular cases.

0.5. Chapter V: Tensor products of representations of SLy(F),)

Our final chapter presents decompositions of tensor products of certain
representations of the finite group SLy(FF,) in defining characteristic, and
studies a random walk on the representations of SLy(F,) driven by taking
tensor products. These results are drawn from the author’s [McD22].

We offer a novel elementary proof of the so-called Clebsch—Gordan rule,
which describes the decomposition of tensor products of simple modules.
Our approach is to use a family of GLg(K)-homomorphisms which exhibit
explicit submodules and quotients of the tensor products, and use self-duality
to inductively show that these maps split over SLy(IF,,). This yields a proof of
the rule which finds the projective summands more efficiently than inductively
tensoring by the natural representation (as in [Glo78, (5.5) and (6.3)] or
[Kou90a, Corollary 1.2(a) and Proposition 1.3(c)]), and that does not require
the machinery of tilting theory (as in [EH02, Lemma 4]). Adding to the work
of [McD22], we then apply the Clebsch-Gordan rule to decompose tensor
products involving projective indecomposable modules and to decompose
symmetric squares.

The random walk we study is defined by tensoring by a fixed simple
module and choosing a non-projective indecomposable summand of the result
(with probability depending on a weighting given to each simple module).
This is inspired by [BDLT20], which considers Markov chains defined by
choosing composition factors (rather than indecomposable summands) of
tensor products; the Benkart-Diaconis-Liebeck-Tiep chains for SLy(IF,) are
examined in §3.2 of [BDLT20], in the cases of tensoring with the natural
module and the Steinberg module. We show our new family of random
walks are reversible and find their connected components and their stationary
distributions (for any choice of simple module to tensor with). We draw
connections between these properties of the chain and the representation

theory of SLy(F,), emphasising symmetries of the tensor product.
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0.6. Conventions and notation

Let K denote a field, which may be of characteristic 0 or of prime charac-
teristic p. Let G denote a (not necessarily finite) group. Most commonly G
will be either a general linear group GL,,(K) of n x n invertible matrices; its
subgroup the special linear group SLy,(K) of n x n matrices with determinant
1; or the symmetric group S, of permutations of r symbols (where n and r
are some positive integers). We write K G for the group algebra of formal
K-linear sums of elements of G.

We still study finite dimensional representations of G over K. Such a
representation can be thought of either as a module for the group algebra KG,
or a group homomorphism p: G — GLg4(K) for some integer d which is the
dimension of the representation as a K-vector space. Given a K G-module V,
we let py denote the corresponding group homomorphism G — GLgjm v (K);
note that constructing py from V requires a choice of basis for V. We will use
the terms “representation of G over K” and “KG-module” interchangeably.

We generally work with left K G-modules, but have permutation groups
acting on the right. This allows us to use the action of permutation groups
to construct interesting modules, without confusing the permutation group
with the group G whose representation theory is our primary interest.

Given a K-vector space V, we let V* = Homg (V, K) denote the dual
K-vector space. Given a K-basis {vi,...,v4} for V, the dual basis for
V*is {v],...,v;} where vf(v;) = 1 and v} (v;) = 0 for all j # 7. In §3.1
we will describe two ways in which the dual vector space also becomes a
representation.

A representation of particular importance is the natural representation
E of a group G < GL,(K) of n x n matrices. This representation has
dimension n and with respect to a given basis the matrices of G act by
matrix multiplication; that is, with respect to this basis, the corresponding
homomorphism is the embedding pg: G — GL,(K). Explicitly we choose a
basis X1, ..., X, such that for all g € G < GL,,(K) we have

n
9Xi = Z 95,i X
=1
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Given any set X we let Sx denote the symmetric group on X (that is,
the group of permutations of X). We write elements of Sx on the right of
their arguments, and hence multiply permutations left to right (for example,
we have (z y z)(z y) = (y 2) for elements z,y,z € X).

For an integer r > 1, we write [r] = {1,...,7} and [r]o = {0,1,...,7}.

We write 1 for the indicator function for propositions (so that, for
example, 1[p > 2] evaluates to 1 if p > 2 and to 0 otherwise).

Given a group G and a subgroup H, we write G/H for the set of left
cosets gH of H in G, and H\G for the set of right cosets Hg of H in G.
Given also a subgroup F', we write F\G/H for the set of double cosets FgH
of F' on the left and H on the right in G. Abusing notation, we denote sets
of coset representatives in the same way.

For an integer r > 1, we write Sym” and A" for the rth symmetric and

exterior powers, viewed as quotients of the tensor power. Explicitly,
s

/<w-a—w |weV® oeb, )k’

s

/<w € V" | w- 7 = w for some transposition 7 € S, ) -

®
Sym" V = 4

The dual notion of the symmetric power is introduced in §3.2; this is defined
as the submodule of the tensor power consisting of symmetric tensors.

A glossary of symbols is provided on page 208.



CHAPTER 1

Multilinear constructions

This chapter presents elementary constructions of the Schur and Weyl
endofunctors, which are endofunctors on the category of representations of a
group G over a field K.

Our approach relies on tableaur and tabloids, which are introduced in §1.
The Schur endofunctor is constructed, as both a submodule of a symmetric
power and a quotient of an exterior power, in §2. The Weyl endofunctor is
defined by pre- and post-composing the Schur endofunctor with the duality
functor; in §3, we describe it as both a submodule of an exterior power and
a quotient of (the dual of) a symmetric power. The row Garnir relations we
describe in §3.4 are new.

The work of the first three sections of this chapter is valid for any group.
Nevertheless our primary interests are the general linear group GL, (K) and
the symmetric group S,. In §4 we apply the Schur and Weyl endofunctors
to the natural representation of GL,,(K), obtaining the dual Weyl and Weyl
modules, and to the natural permutation representation of S, obtaining

(after restriction to a certain subspace) the Specht modules and their duals.

15



16 I. MULTILINEAR CONSTRUCTIONS
1. Tableaux, tabloids and Garnir relations

In this section we define the combinatorial objects which will be used
to construct our representations. These objects are tableaux and their
equivalence classes, tabloids.

The entries of our tableaux will be basis vectors for a left KG-module
V for a group G. We denote the basis B and choose a total order on it. For
convenience, we will often think of B as being the set [d], where d is the
dimension of V', writing ¢ for the basis vector labelled by 1.

The G-action on V induces a “diagonal” left G-action on the space of
tableaux (and their equivalence classes) by entrywise action and multilinear
expansion, as illustrated in Example 2.2. The K-vector spaces defined in
this chapter thus become left K G-modules. We denote these group actions

by concatenation.

1.1. Partitions and tableaux

A composition of r is a sequence of strictly positive integers whose sum
is r. A partition of r is a weakly decreasing composition of r; we use A to
denote a partition throughout. The sum of the parts of a partition X is called
its size, denoted |A|. The number of parts of a partition A is called its length,
denoted ¢()\); by convention we interpret A; = 0 for i > £(\).

The Young diagram of a partition X is the set [\] = {(4,7) | 1 < i <
£(N),1 < 7 <\ }, which we picture lying in the plane using the “English”
notation: the z-direction downward and the y-direction rightward. An
element of a Young diagram is called a box. Let row;[A] and col;[A] denote
the sets of boxes in row i and column j of [A] respectively.

The conjugate (or transpose) of a partition A, denoted X, is the partition
defined by X, = [{j > 1 | A\j > i}| for 1 < i < A;. This is the partition
obtained by reflecting the Young diagram of A over the main diagonal.

A tableau of shape \ with entries in B is a function [A] — B. The image
of a box b € [A\] under a tableau ¢ is the entry of t in b. The weight of ¢ is

the multiset of entries of a tableau ¢, expressed as a composition of n via the
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total ordering on B. We depict a tableau ¢ by filling the boxes in the Young

diagram of A with their entries in ¢.

Example 1.1. Suppose A = (3,2). The size of A is |A\| = 5; that is, A is a
partition of 5. The length of X is £(A\) = 2. The Young diagram of A is

A = |

Three tableaux of shape A with entries in [3] are depicted below.

213\233\113
3 1|1 312

Each has weight (2, 1,2) (indicating precisely two entries of 1, one of 2 and
two of 3). Each has entry 3 in the box (1, 3).

Let YT(A) denote the set of tableaux of shape A with entries in 5. Let
Tbx*(V) be the KG-module with basis YT5(\). There is a (non-unique)
isomorphism Thx*(V) = V&,

If the entries of a tableau strictly increase along the rows or down the
columns, we say it is row standard or column standard respectively. The
set of column standard tableaux of shape A with entries in B is denoted
CSYTp(N). If the entries of a tableau weakly increase along the rows or
down the columns, we say it is row semistandard or column semistandard
respectively. The set of row semistandard tableaux of shape A with entries
in B is denoted RSSYTg(A).

If a tableau is both row semistandard and column semistandard, we
abbreviate this description to row-and-column semistandard.

If a tableau is both row standard and column standard, we say it is
standard. If a tableau is both row semistandard and column standard, we
say it is semistandard. The set of semistandard tableaux of shape A with
entries in B is denoted SSYTg(A). For this and other sets just defined, when

the set B is clear from context it is suppressed in the notation.

Example 1.2. None of the tableaux depicted in Example 1.1 are semistan-

dard: the first is neither row semistandard nor column standard; the second
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is row semistandard but not column standard; the third is column standard
but not row semistandard. A semistandard tableaux of shape A with entries

in [3] and with weight (2, 1,2) is depicted below.

3

213

1.2. Tableaux of symmetric type

We say a tableau t is of symmetric type if all entries of ¢ are distinct. Let
Tbxg‘ym(V) be the K-subspace of Tbx*(V) spanned by tableaux of symmetric
type. Likewise, for all constructions of spaces in this chapter, let —gy;,, denote
the construction restricted to tableaux of symmetric type.

Note that these restricted constructions yield K-subspaces which in
general may not be KG-submodules. However, if V' is a permutation K G-
module and B is a permutation basis (as is the case in our specialisation

to the symmetric group and the natural permutation module to yield the

Specht module in §4.1), then indeed they are K G-submodules.

1.3. Place permutation action on tableaux

We write elements of Sy on the right of their arguments. The group

Sy then acts on tableaux on the right by permuting the boxes via
(t-o)(b) = t(ba’l)

for o € Spy and b € [A]. This action is essential notation for defining more
complicated structures, but S should not be considered the group whose

representation theory we are interested in.

Remark 1.3. We are writing elements of S[yj on the right of their arguments,
and a simple calculation demonstrates that the inverse is necessary in the
above definition. If we were to instead write elements of Sy on the left of
their arguments, then we would define the right action of Sy on tableaux
by (¢ - )(b) = Ho(b)).

It is also possible to define a left place permutation action of Sy (and

there are two ways to denote this depending on the choice of how to write
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elements of Sy). We have made the choice to use a right action, in order to

distinguish the place permutation action from the left group action of G.

Example 1.4. Suppose A = (3,2) with Young diagram [, and let ¢ be

the semistandard tableau depicted in Example 1.2. We illustrate the action
of the permutation o = ((1,1) (2,1) (2,2)) below; colour is used to indicate

the boxes being moved.

'(“’1) 1) 22) = s 3]

Observe that the tableau ¢ - o can be found from ¢ by moving each box b € [)]

to the place previously occupied by bo (carrying its entry with it).

Define the sets of row-preserving and column-preserving place permuta-
tions, subgroups of Spy}, by

A1

A
RPP(A) = [ ] Srowiy and CPP(A) = [ Seoi, -
i=1 j=1

Given a tableau ¢, let rstab(t) = stab(t) N RPP()\) and cstab(t) = stab(t) N

CPP(A) denote the row stabiliser and column stabiliser of t respectively.

1.4. Row tabloids

A row tabloid is an equivalence class of tableaux under row equivalence.

Concretely, we quotient the space of tableaux Thx*(V') by the subspace
Joym = (x-0 —x | € Tox)V), 0 € RPP(\) ),

and say the row tabloid corresponding to a tableau ¢ is the element ¢ + Jsym
in the quotient Thx*(V)/ Jsym. We write the row tabloid corresponding to ¢
as [t], and draw a row tabloid [t| by deleting the vertical lines from a drawing

of t, as depicted below in the case A = (3,2).

4\ 4
= ] =

1 2
t= S
315 35

By definition, [t - o] = [t] for any 0 € RPP(\). Thus the space of row

tabloids is naturally isomorphic as a K G-module to the symmetric power
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Sym*V = ®l)\i1 Sym™ V', and we therefore use Sym™ V' to denote the space
of row tabloids. This space has K-basis {[t] | t € RSSYT(\) }.

1.5. Column tabloids

When defining column tabloids, we wish to also associate signs to the
equivalence classes. This is achieved by quotienting the space of tableaux

Tbx(V) by the subspace
Jag = (@ € ToxMV) | z- 7 = z for some transposition 7 € CPP(\) ).

The (alternating) column tabloid corresponding to a tableau t is the
element t + Ja in the quotient Tbx*(V)/Jar. We write this tabloid as ||,
and draw an alternating column tabloid by deleting the horizontal lines
from a drawing of the corresponding tableau, as depicted below in the case
A=(3,2).

4| 1

3

2
)

4]

Observe that |t - o| = |t|sgn(o) for any o € CPP(\), and furthermore
|t| = 0 if t has a repeated entry in a column. For example, with A = (1, 1), the
elements and =+ = of Thx*V are fixed by the transposition swapping
the only two boxes, so these element lies in Ja;; and hence m = 0 and
‘;‘ = —m (To see that |t - o| = |t|sgn(c) when o € CPP()) is a product
of several transpositions, consider the collection of elements of the form
teryom +tom oo Tio1 € Jag where Ty, 7o, . .. is a sequence of transpositions
whose product is o.)

The space of alternating column tabloids is therefore naturally isomorphic
as a KG-module to the exterior power /\/\/ V=R, /\)‘Ii V, and we use
/\)‘I V to denote the space of alternating column tabloids. This space has
K-basis { |t| | t € CSYT(A) }.

In Chapter IV we introduce a different form of column tabloid, called a

skew column tabloid (Definition 12.1).
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1.6. Column and row ordering on tableaux

There exist many ways to order tableaux and tabloids. Here we define two
orders on tableaux which we call the column ordering and the row ordering;
a comparison with two well-known orderings is made in Remark 1.7.

Before giving the complete definition, we note that the order is easier
to interpret in the case of tableaux of symmetric type: to compare two
distinct tableaux of symmetric type, identify the largest entry which does
not appear in the same column in both tableaux, and declare the <.-greater
tableau to be the one for which this element is further left. We illustrate the
<c-least and <.-greatest standard tableaux of symmetric type in the case
A= (43,2,1) and B = [15] in Figure 1.1.

For the general definition, we require the symmetric difference operation
on multisets, which we denote A, and the multiset difference operation,
which we denote \. For example, using double braces to denote multisets, we
have {1,3,3,4} A {1,2,2,3}} = {{2,2,3,4}} and {1,3,3,4} \ {1,2,2,3}} =
{3, 4}

Definition 1.5. The column ordering is defined on the set of tableaux of a
fixed shape as follows. Consider tableaux ¢ and u of shape .
e If there is equality col;(t) = col;(u) (as multisets) for all 1 < j < Ay,
then we say t and u are column equivalent and write t ~. u.
e Otherwise, let m € B be maximal such that there exists j such that m €
col;(t) A colj(u), and let j be minimal such that m € col;(t) A col;(u).
If m € colj(u) \ col;(t), then we say t <. u.
The tableaux ¢t and u are <.-incomparable if and only if t ~. u. We write

t <ecuwtomean ¢ <cu ort~¢u.

The relation <. is a strict partial order. The relation ~, is an equivalence
relation. The relation . is a total preorder, also known as a weak order
(that is, <. is a partial order with the antisymmetry requirement relaxed —
permitting ¢ <. v and u ¢ t to hold simultaneously for distinct ¢ and u —
and with the property that at least one of ¢ <. v and u . ¢ holds for any

pair of tableaux ¢ and w).
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1(61(10(13

2|7 |11(14

31811215 9110|1112
419 13|14

5 15

(a) <c-least. (b) < -greatest.

FIGURE 1.1. Extremal standard tableaux of symmetric type for A = (43,2,1)
and B = [15].

We make the identical definitions for the row ordering and the symbols
<;, ~r and <, replacing all instances of “column” with “row”. For two
tableaux of symmetric type, the <,-greater tableau is the one in which the
largest entry which does not appear in the same row in both tableaux appears
further up the tableau (that is, in the numerically smaller row). Equivalently,
for tableaux t and u of shape A, we say ¢t <, u if and only if ¢’ <. v’ (and
t ~y u if and only if ¢ ~. ), where ¢’ and u’ are the tableaux of shape \
obtained from t and u by conjugation

It is clear that ¢ ~; u if and only if [t] = [u], and that t ~. u implies
|t| = £|u| (the converse also holds, provided that |¢|, |u| # 0).

Example 1.6. The following inequalities between (semistandard) tableaux

of shape (43,2,1) with entries in [9] hold in the row ordering.

<t

1
3
5
6

1
3
D178 <
6

’@cnoow»—t

| Ot W|
’@www.—u
’@.kawr—t

To see the first inequality, note that the tableaux differ only by a single
transposition, swapping a pair of boxes which contain a 6 and a 7; the
<-greater tableau is the one in which the larger of these entries, 7, appears
higher up. For the second inequality, the critical difference between the

tableaux is that the largest entry which appears in the multiset symmetric
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difference of any row is 8, due to the contribution from the third row of the
right-hand tableau; the differences in other rows are then irrelevant, and the

right-hand tableau is <,-greater.

Remark 1.7. In the case of row semistandard tableaux of symmetric type,
our row ordering <, is the reverse of the ordering < defined by James in
[Jam78, Definition 3.1] (though ours is defined on tableaux rather than row
equivalence classes). Our column ordering <. is the column analogue of this.

On arbitrary row semistandard tableaux, the reverse of our row ordering
<, is an extension of the dominance order < defined by de Boeck, Paget and
Wildon in [dBPW21, Definition 2.7] (which is a generalisation of [Jam78,
Definition 3.11] on tabloids of symmetric type), in the sense that ¢ > u
implies ¢ <; u (but not conversely). The column analogue of the dominance
order, which our column ordering <. extends, is defined by James in [Jam78,

Definition 13.8] (for column equivalence classes of symmetric type).

1.7. Garnir relations

We here define Garnir relations as certain linear combinations of alternat-
ing column tabloids (that is, as certain elements of /\/\l V). The motivation
for considering these relations is that they are relations obeyed (in the sense
of being sent to 0 by the appropriate quotient map) by the images of Schur
endofunctors, defined in §2.

In the context of tableaux of symmetric type, James [Jam78, Section 7]
encapsulated the same concept with Garnir elements: elements of the group
algebra K S, that annihilate the Specht modules. In that context, James’s
Garnir elements yield our notion of a Garnir relation when they act on
suitable column tabloids of symmetric type. The relations used by de Boeck,
Paget and Wildon [dBPW21, Lemma 2.4 and Equation 2.5] are images
of our Garnir relations under the map e defined in §2.2. Fulton [Ful97,
Section 8] describes a similar collection of linear combinations of alternating
column tabloids which he calls quadratic relations; these generate the same

K-subspace of /\X V' as our Garnir relations.
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Definition 1.8 (Garnir relations). Let ¢ be a tableau of shape A with entries
in B. Let 1 < j < j < Ap, and let A C colj(A) and B C colj/(A) be such that
|A|+|B| > )\;-. Choose S = Sap/Sa X Sp a set of left coset representatives
for Sq x Sp in Saup. The Garnir relation labelled by (t, A, B) is

Rit,4,B) = Z |t - 7|sgnT.
TES

Let GR (V) denote the subspace of /\)‘l V' which is spanned by the Garnir

relations.

A Garnir relation does not depend on the choice of coset representatives:
in the notation of the definition, if 7 € S and ¢ € S4 x Sp, then because
Sa x Sp C CPP(\) we have |t - 7o|sgn(ro) = |t - 7| sgn(7), and so replacing
7 with 7o does not change the sum.

The K-subspace GR*(V) is moreover a K G-submodule. Indeed, the group
action commutes with the place permutation action, so if g € G is such that
gt = ZuGYT(/\) ayu for some vy, € K, then gR(; 4 gy = ZuGYT()\) auR(u,4,B)-

In the following lemma we make the simple observation that a Garnir

relation is zero if it involves boxes containing equal entries.

Lemma 1.9. Let A, B be sets of boxes as in Definition 1.8. Suppose t is
a tableau with an entry occurring with multiplicity greater than 1 in AU B.

Then R(t,A,B) =0.

PROOF. Let by,be € AU B be boxes such that t(b1) = t(ba); let 7 =
(b1 b2) € Saup. Then 7 acts on the left cosets of Sy x Sp in Saup by
left multiplication. For the orbits of size 1, choose coset representatives
arbitrarily. For the orbits of size 2, choose a representative of one of the
cosets in each orbit arbitrarily, and let the representative of the other coset
be obtained from the first by left multiplication by 7. Let S be the set of
representatives chosen in this way.

If o € Spy is any permutation, then ¢ - 70 = ¢ -o0. In particular if
{o,70} C S are the representatives of cosets in an orbit of size 2, then
|t - 70| =|t-o| and sgn(ro) = —sgn(c), and hence the contribution to the

Garnir relation Ry 4 gy from this orbit is zero.
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If 0 € S is the representative of a coset in an orbit of size 1, then
o 170 € S4 x Sp € CPP()), and so the boxes bjo and bj7o = byo lie in
the same column. But (¢-0)(bjo) = t(b1) = t(ba) = (t- 0)(b20), so t - o has
a repeated entry in a column. Thus |t - | = 0 and the contribution to the

Garnir relation R 4 p) from this orbit is zero. ([

It is often the case that we need only consider Garnir relations in which
the chosen columns are adjacent and boxes are taken from the bottom of
the left-hand column and the top of the right-hand column, with a single
row containing chosen boxes from both columns. Following the terminology
introduced in [dBPW21, Equation 2.5] (but requiring also that the columns
in question be adjacent), we call such relations snake relations due to the
shape of the outline of the chosen boxes (depicted in the margin). Formally

they are as defined as follows.

Definition 1.10 (Snake relations). A Garnir relation Ry 4 p) is called a

snake relation when, in the notation of Definition 1.8, j/ = j + 1 and there

exists i such that A= {(z,j) | i<z <A, }and B={(z,j) | 1<z <i}.

In this case, we may also label the Garnir relation by (t,1, 7).

We define sets of relations dual to the Garnir relations in Definition 3.16.

Jj j+1
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2. Two constructions of the Schur endofunctors

In this section we present two ways to construct the Schur endofunctors,
one as a submodule of a symmetric power and one as quotient of an exterior
power. We take the former as our definition and show that it is equivalent

to the latter, establishing a well-known basis along the way.

2.1. A submodule of a symmetric power

Our submodule will consist of the following elements of the symmetric

power.

Definition 2.1. The polytabloid corresponding to a tableau t is the element
of Sym* V' given by

e(t)= Y [t-o]sgno.

oc€CPP())

Since the action of G commutes with the place permutation action, we
can compute the action of an element g € G on a polytabloid e(t) by applying
g to each entry of ¢, expanding multilinearly, and taking the polytabloids
corresponding to the resulting tableaux. That is, if ¢ € G is such that
gt = X ueyr(y) @uu for some oy € K, then e(t) = 3 ey aue(u). We
illustrate this convenient way to compute the action of G on a polytabloid

with the following example.

Example 2.2. Suppose that B = {v1,v2,v3}, and as usual write i for v; in
diagrams for convenience. Suppose that g € G has action on V defined by

gu1 = v1 + aus, guo = vo, gug = Pvy + v3. Then
112]2]\ _ v14+avs Vg Vg ]
9e\ 3 =\ [Buitvs | Buitus
:e< :1,’ 2 21) —Be( ! ; 21) —a,@’e( :

where the first line is interpreted purely formally.

w

[y
[y

%) ol

21)

w
W N

w
w
w
[\

Note that in particular the subspace spanned by the polytabloids is a
KG-submodule of Sym* V. This allows us to make the following definition

of a Schur endofunctor as a submodule of a symmetric power.
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Definition 2.3. The Schur endofunctor labelled by A, denoted V?*, is the
endofunctor on the category of KG-modules defined on a K G-module V' by

VMV = (e(t) | t e YT(\))x C Sym™V,

and for a map f, V> f is defined by applying f to each entry in a polytabloid

and expanding multilinearly.

Remark 2.4. The Schur endofunctors V* are more commonly referred to
simply as the Schur functors. However, they are not related to the Schur
functor F defined in §6, and so we refer to them as the Schur endofunctors

to distinguish them from F.

Example 2.5 (Symmetric powers and exterior powers).
(i) Suppose A = (r) consists of a single row. Then e(t) = [t] and VIV =
Sym" V.

(ii) Suppose A = (1") consists of a single column. Then

e(t)= > t-o

UES[A]

=Y sgn(o)t(lo L) @t20 L)@ - @t(ro 1),
UES’r

and we claim that V1)V = A" V. Indeed, the map

vV S ATV

D sgn(o)t(lo 1)@ - @t(ro ! 1) = t(L 1) A AE(r, 1)

oESE

is an isomorphism. Alternatively, in §2.2 we identify VAV as the
quotient /\)‘/ V/GRMNV) for all partitions, and plainly GR") (V) = 0.

An interesting property of the Schur endofunctors is that they are de-
termined by the images of the natural representations of the general linear
groups, in the sense of the following proposition. Recall we write py for the
group homomorphism G — GLgim v (K) representing V' (given some choice
of basis for V).
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Proposition 2.6. Suppose V is d-dimensional and let E be the natural

representation of GLy(K). Then pyry = pyrgpv -

Proor. Consider the action of g € G on e(t) € VAV. As illustrated in
Example 2.2, the action is given by acting by ¢g on each entry of ¢ — which
by definition is represented by the matrix p(g) € GL4(K) — and expanding
multilinearly. This is precisely the action of the matrix p(g) on V*E, which

is what the proposition claims. O

It it well-known that VAV has basis the set of polytabloids for semistan-
dard tableaux. We see that this set is spanning in the next subsection §2.2;
we see that it is linearly independent immediately, using the row ordering

< defined in §1.6.

Lemma 2.7. Let t be a column standard tableau. Then

for some elements m,, in the subring of K generated by 1. In particular, the

set {e(s) | s € SSYT(A) } is K-linearly independent.

PROOF. Since ¢ is column standard, we have ¢-o <, t for all 0 € CPP(\)
with row equivalence if and only if o = id; the claimed expression for e(t) is
then clear. The linear independence of {e(s) | s € SSYT(X) } follows: the
<,-greatest row semistandard tableau whose row tabloid appears in e(s) is,

being s itself, distinct for each s € SSYT(\). O

2.2. A quotient of an exterior power and the semistandard basis

An immediate consequence of the definition of a polytabloid is that
e(t-o) =e(t)sgno for o € CPP(\), and that e(t) = 0 if ¢ has a repeated
entry in a column. It follows that the map e: /\”\, V — VA(V) defined by

K-linear extension of
e: |t| — e(t)

is well-defined and surjective. It is also G-equivariant. We thus see that VAV
is the quotient of /\’\l V by the kernel of e. To make this into an explicit

model for VMV, we must identify the kernel of e.
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The two main aims of this subsection are to show that kere is the
space of Garnir relations (defined in Definition 1.8) and to show that the
set of semistandard polytabloids forms a basis of VAV. These aims are
intertwined: we require the Garnir relations to rewrite polytabloids in terms
of semistandard ones.

We begin by showing that GR*(V) C kere.
Proposition 2.8. If Ry 4 ) is any Garnir relation, then e(Ri 4 5y) = 0.

PrROOF. The element we are required to show is zero is

e(Ri,a,B)) = Z Z [t - To]sgn(ro)

c€CPP(N) T€SaLB/SaAXSE

= Z Z Z [t - Tmo]sgn(rmo)

c€SAxSp\CPP()\) TESAXSE TESALB/SAXSE

= Z Z [t - To]sgn(To)

O'GSAXSB\CPP()\) TESALB

where we have first broken up the sum over CPP () into sums over right cosets,
and then collected up the sums over left cosets in S4,,5. From this expression
we see that it suffices to fix 0 € CPP(\) and show )

Recall from the definition of a Garnir relation that A C col;[A] and
B C colj[A] for some 1 < j < j' < Ay, and that [A| 4 |B] > A}. Thus by the

[t-To]sgn(r) = 0.

TESAuB

pigeonhole principle there exists a row containing both a box in A and a
box in B. Moreover the same claim holds if we act by o first; that is, there
exist a € A, b € B and 1 <1 < \] such that aoc = (i,7) and bo = (i,5"). Let
w = (a b) € Saup, and note that o 'wo = (ac bo) € RPP(\).

Let A C Saup be the subgroup of even permutations in S p; then
Saup = AU Aw. Because o lwo € RPP()), we have [t - Two] = [t -

ro(0 wo)] = [t - To]. Thus

Z [t - To]sgn(T)sgn(o) = Z([t -To] — [t - Two]) sgn(T) sgn(o)

TESAuB T€A

=0

as required. O
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Remark 2.9. The manipulation of the sums in the proof of Proposition 2.8
avoids the detour into integral forms and reduction modulo p taken by the
usual proof of this fact (see for example [Jam78, Lemma 8.4] or [dBPW21,
Lemma 2.4 and Equation 2.5]).

Lemma 2.10. Let t be a column standard tableau, and suppose (i, j) is such
that t(i,j) > t(i,5 +1). Then
Ritigy = It + D mulul
u<lct

for some elements m,, in the subring of K generated by 1.

PROOF. By assumption, the sets A = {(r,j) | i <r < \;} and B =
{(r,7+1) | 1 <r <i} defining the Garnir relation satisfy

t(1Lj+1) <...<t(,j+1) <t(,j) <tli+1,7) <...<t(N}, 7).

(These boxes and the inequalities between their entries are illustrated in the
margin.) Thus for any o € Sap, we have t - 0 < t, with t - o ~¢ ¢ if and

only if o0 € §4 x Sp. O

Lemma 2.11. Let t be any tableau. Then there exists some K-linear com-
bination vy of snake relations (with coefficients in the subring of K generated
by 1) such that
H+v="D>  asls|
SESSYT(N)
for some elements as in the subring of K generated by 1. Consequently, the

set {e(s) | s € SSYT(N)} spans VAV.

ProoOF. Without loss of generality, we may assume ¢ is column standard.
If ¢ is also row semistandard, we are done. Otherwise, choose a box (i, j)
such that t(i,j) > t(i,j + 1). By Lemma 2.10, Ry ; ;y = [t| + >, ., mulul
for some elements m,, in the subring of K generated by 1. Then [t| — R ; ;)
is a linear combination of column tabloids whose tableaux precede ¢ in the

column ordering. The first part of the lemma then follows by induction.
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Applying the map e to the given expression and using that GR*(V) C
ker e shows that any polytabloid can be written as a linear combination of

semistandard polytabloids. [l
We can now meet the two aims of this subsection.

Proposition 2.12. The set {e(s) | s € SSYT(N) } is a K-basis for VMV).

PRrROOF. The set is linearly independent by Lemma 2.7 and spanning by
Lemma 2.11. [l

Proposition 2.13. There is equality kere = GRM(V) and hence a KG-

isomorphism

)\/
v N

PROOF. From Proposition 2.8, we have that GR*(V) C kere. It therefore
suffices to show that the snake relations span ker e.
Let x € kere. By Lemma 2.11 there exists a K-linear combination 7 of

snake relations such that

K47y = Z asls|

SESSYT())

for some elements as; € K. Applying e to this equation and using that
GRMV) C kere, we find

0= Z ase(s).

SESSYT(N)

The semistandard polytabloids are K-linearly independent by Lemma 2.7, so
this implies that as = 0 for all s. Hence x = —+ is in the span of the snake

relations, as required. ([l

2.3. Basis for the Garnir relations

The work of the previous subsection is easily modified to identify a
basis for the space of Garnir relations (which will be essential knowledge in

Chapter IV). Our basis is the following subset of the snake relations.
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Definition 2.14 (Basic snake relations). Let ® be a function on column
standard tableaux which are not row semistandard whose output on such
a tableau t is a box (4,7) such that t(i,j) > t(i,7 + 1). A snake relation
Rt,i,j) 1s called ®@-basic if t is column standard but not row semistandard
and (i,7) = ®(t).

The purpose of @ is to associate a unique snake relation to each column
standard tableau which is not row semistandard. Any such function suffices:
except in the proofs of Propositions 13.3 and 14.12, the choice of ® is irrelevant
(that is, all the claims, including the statements of those propositions, hold for
any choice of ®). Accordingly, ® is suppressed in the notation. An example
of a suitable function ® is to let ®(¢) = (4, 7) where j is least (primarily) and
i is greatest (secondarily) such that (i, 7) > ¢(i,j + 1); outside the specified
proofs, we may consider this to be the function in the definition of basic

snake relations.

Proposition 2.15. The set of basic snake relations is a basis for the space
GRM(V).

Proor. By Lemma 2.10, the basic snake relations have distinct leading
tableaux with the respect to the column ordering, and hence are linearly
independent.

It was shown in Proposition 2.13 that the snake relations span GR*(V).
The proof relied on Lemma 2.11, in which a choice of box (4, j) such that
t(i,7) > t(i,7 + 1) was made. By letting this choice be ®(t), all the snake
relations referred to in these proofs are basic, and so they in fact show that

the basic snake relations span GR*(V). O

2.4. Schur endofunctors on submodules of symmetric type

Our construction of the Specht module in §4.1 requires restriction to the
subspace of symmetric type; we record here that all the results of this section
hold upon this restriction.

Recall from §1.2 that we say a tableau is of symmetric type if all its entries

are distinct, and that for the constructions in this chapter we write —gym
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for the restriction of that construction to tableaux of symmetric type. Thus

V2V is defined as the subspace of Sym)\

sym

V spanned by the polytabloids

Sym
of symmetric type. As noted in §1.2, however, the K-vector space bemV

may not be a K G-submodule unless V' is a permutation module and B is a

permutation basis.
Proposition 2.16. There is equality ker(e| \» ) = GR;\ym(V) and hence
iym
a K-linear isomorphism
A ~ /\
VamV = Pom o )
Moreover, if V is a permutation KG-module and B a permutation basis, then

the above map is a KG-isomorphism.

Proposition 2.17. The basic snake relations of symmetric type form a basis
of GRA (V).

Sym

Remark 2.18. Note that V2 _ is not a functor (even on the category

sym
of K-vector spaces): given K-vector spaces V and W and a linear map
f:V — W, the map V*f: VMV — VAW does not in general restrict to a
map V2 _V — V2 W. That is, restriction to subspaces of symmetric type

sym sym

is a well-defined operation on objects but not on morphisms.
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3. Duality and the Weyl endofunctors

In this section we dualise the constructions of the previous section to
obtain explicit models for the Weyl endofunctors. We first examine precisely
what we mean by duality in §3.1, and then consider the special case of the
symmetric power in §3.2. In §3.3 we define the Weyl endofunctor as the dual
of the Schur endofunctor, and hence describe it as a submodule of an exterior
power and a quotient of a (dual) symmetric power. In §3.4 we present a new

set of relations obeyed by the Weyl endofunctor.

3.1. Two notions of duality

Recall that the dual space of V' is the K-vector space V* = Homg (V, K).
This space becomes a representation via inversion in the group: the module
structure is given by (gf)(v) = f(g~'v) for allv € V and all f € Homg (V, k).
With respect to the dual basis, which we denote B*, the representing group
homomorphism is py«(g) = pv(gfl)—r

A different module structure is possible when G is a matrix group closed
under transposition. Following the notation and terminology of Green
[EGS08, p. 20], the contravariant dual of V, denoted V°, has the same
underlying vector space V* but group action given by (gf)(v) = f(g'v) for
all v € V and all f € Homg(V, K). With respect to the dual basis, the

representing group homomorphism is py.(g) = pv(gT)—r

Remark 3.1. We discuss the concept of polynomial representations in §5.
We will see (Proposition 5.6(iv)) that contravariant duality preserves the
property of being polynomial (and furthermore preserves the degree), but

that (usual) duality does not.

When G = SLg(K), the two notions of duality coincide, as the following

proposition shows.

Proposition 3.2. Suppose G = SLy(K). Then V* = V°.
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PROOF. Let J = (91 é) € SLy(K). It is simple to verify that for any
matrix g € SLa(K), we have Jg71J ™! = gT. Then R = py/(J1)T satisfies
Rpv+(9)R™" = Rpv(9™") " R™!

= (pv(Dpv(gHov (7))
T)T

T

=pv(g

= pve(9),
and the proposition follows. O

The interactions between these dualities and symmetric powers is explored
further in §3.2. The case of exterior powers is more straight-forward: exterior

powers commute with duals, via the obvious map.

Proposition 3.3. Suppose B = {v1,...,vq} is the chosen basis for V. and
B* = {v},...,v;} is the dual basis for V*. Let { (viy A+~ Aw, )" | 1< <
oo <y < d} be the basis for (\"V)* dual to the basis {vi;, A---Av;, | 1<
i1 <...<i, <d} for N"V. Then there is a KG-isomorphism

(N V) =V

(Vi Ao AN )" = v A A

If G is a matriz group closed under transposition, the same map defines a

*

KG-isomorphism when —* is replaced with the contravariant dual —°.

ProOOF. Clearly the map is a K-linear bijection. Let py be the homo-
morphism representing the action on V with respect to the given basis, and

likewise for the other relevant modules. Let g € G. Observe that

gy A Avj,) = (zd: PV(g)j,hvj) AREENA (zd: ﬂv(g)j,uvj>
P =1

- Z pv(g)jlyil"'pV(g)jr,iT Vi N Ay,
(J1yeesdr ) E[A]"

= > sen(0) > v @jivin PV s Vit A A0,
oES, 1<j1<...<jr<d
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Thusfor 1 <1 <...<i,<dand 1< j; <...< jr <d we have
PA V(D) G (isin) = >SS PV (D) jaoin * PV (9) i
g€Sy

This allows us to deduce the action of g on the two modules of interest: on
(A" V)* it is given by

PN VY (D) Gromejids(itsoiin) = PATVT ) i), (Gt somie)

= > sen(@)pv (g Do V(9 Vv v
oESy

while on A" V* it is given by

PNV (D) Grrrd (i) = > SEUO)pve (D) jamis *+ PV (9) i
oES,

=" sen(@)pv (g i VI i
oES,

Using that Mil7j10‘ - Mir’jrg = M; . M;

reindexing the sum by replacing o with o~! shows that the two matrices

for a matrix M and

1o—15J1 " ro—1:Jr

PN v)<(g) and pary+(g) are equal, as required.
To show that pAryye(g) and parye(g) are equal, we use the same

argument with ¢ occurring in place of g~ 1. O

3.2. Duality and symmetric powers

In this subsection, we define functors dual to the symmetric powers, which
we call lower symmetric powers (calling the true symmetric powers upper
symmetric powers). (The lower symmetric powers are sometimes known as
divided powers, being grades of the divided power algebra.) These functors
are important in their own right, featuring prominently in Chapter I1I where
the duality is necessary to generalise certain classical results. The lower
symmetric powers are also useful for constructing and studying the Weyl
endofunctors. Indeed, whereas in §2 we showed that the Schur endofunctors
can be viewed both as submodules of upper symmetric powers and as quotients
of exterior powers, we will show later that the Weyl endofunctors can be
viewed both as submodules of exterior powers and as quotients of lower

symmetric powers. We will see also that the lower symmetric powers are
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in fact a particular case of the Weyl endofunctors (those labelled by rows);
nevertheless it is helpful to define the lower symmetric powers explicitly
before studying the Weyl endofunctors.

Recall that the upper symmetric power is defined as a quotient of the
tensor power. More concretely, letting the symmetric groups act on pure

tensors on the right by place permutation, we have

r

®
ry .V
Sym" V' = /(:U—x-o*|:BGV(XWisapuretensor,aéSﬁK
By contrast, the lower symmetric power is defined as a submodule of the

tensor power.

Definition 3.4 (Lower symmetric powers). The rth lower symmetric power
of V is Sym, V = (V®7) the space of invariants of the place permutation

action of S, on V®". That is, it is the subspace of symmetric tensors

Sym, V = < Z z-0|x €V is apure tensor> cver,
o €stabz\Sy K

where stabx < S, denotes the stabiliser of the place permutation action on

a pure tensor .

It is clear that Sym, V is a KG-module: since the group action and the
place permutation action commute, if z € V®" is such that z - o = z for all
o € Sy, then this is also true for gx.

Writing B = {v1,...,v4} for the basis of V, a basis for Sym, V is

> Vi ® @0, (1< <L <y < d
oestab(iy,...,ir)\Sr

Proposition 3.5. If char K = 0 or char K > r, then Sym" V' and Sym, V

are isomorphic.

Proor. This is easily verified using the restriction to Sym, V of the

canonical surjection V®" — Sym” V: this map sends

E Vigpr @+ @i, > | Sy s stab(in, ..., ip)| iy - oo Vs,
TEstab(i1,...,ir)\Sr
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and so is an isomorphism when these coefficients are nonzero. ([

Further to Proposition 3.5, we show in Proposition 11.12 (using the
invariant introduced in that section) that if K has characteristic p, then a
necessary and sufficient condition for the two powers to be isomorphic is that
r < porr=p° —1 for some integer . Proposition 3.5 can also be seen as a

special case of the isomorphism noted in Remark 3.14.

Remark 3.6. We could analogously construct the lower exterior power as
the submodule A,V C V@ consisting of antisymmetrisations of tensors.
However, this is isomorphic to the usual exterior power: the antisymmetrisa-
tion of a pure tensor is equal to a signed sum over all permutations (if its

stabiliser is nontrivial the antisymmetrisation is 0), and thus the map
ANV =NV
Z sgn(o)vi,, . @+ @i, 4 — Vi A+ Ay,
UGST

is an isomorphism (regardless of the characteristic).

Although not always isomorphic, the lower symmetric powers and the

upper symmetric powers are always dual, in the following sense.

Proposition 3.7 (cf. Proposition 3.3). Suppose B = {v1,...,vq} is the
chosen basis for V and B* = {v},...,v}} is the dual basis for V*. Let
{(iy ~oovv, )" | 1< < ... <4y < d} be the basis for (Sym” V)* dual
to the basis {vi, - ... v, | 1 <i3 <...<1i <d} for Sym" V. There is a
KG-isomorphism
(Sym" V)" = Sym, V*
(Viy + v v, ) Z Vi ® RV .
oestab(iy,...,ir)\Sr

If G is a matriz group closed under transposition, the same map defines a

*

KG-isomorphism when —* is replaced with the contravariant dual —°.

PrOOF. Clearly the map is a K-linear bijection. Let py be the homo-

morphism representing the action on V' with respect to the given basis, and
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likewise for the other relevant modules. Let g € G. Observe that the action

of g on the tensor power is given by

g(viy ® - @)

= (Ed: pV(g)j,ilvj) ® - ® (Ed: PV(Q)J’JWJ’)
j=1

j=1
= > v @i V()i i ® - D,

(J15--3r)Eld]”

= Z Z pv(g)j10*17i1 T pv(g)jro—l ﬂ"f’l}jlo'*l - ® vjr'cr—l

1<1<...<Yr<d €S,

where Sj, . ;. = stab(ji,...,jr)\Sr. Then the action of g on the symmetric

powers is given by

giy o)=Y > v @i V(D jrori Uy - U

11 <gr<d €855y,

= > Y v @iise V(@i D Vites @ @ Vg0,

TES: ... iy 1<H1<0.<Jr<d o€S,; ;
where we have used that since Sym, V is a submodule, the coefficient of
Vjjp @ -+ ®vj,,. does not depend on the permutation o. Thus for 1 <

1 <...<i, <dand 1 < j; <... < Jr < d we have

pSymTV(g)(jl,..‘,jr),(il,...,ir) = Z PV (9D jrorsir PV drotins
Py, V(91 iV irsesin) = D PV @jriios = V()i

This allows us to deduce the action of g on the two modules of interest:

on (Sym” V)* it is given by

-1
p(Symr V)*(g)(jl,..‘,jr),(il,...,’iy‘) - pSyer(g )(ilv"'zi’f)7(j17"'7j7‘)

= Z pV(g_l)ila—l Ji1 o pv(g_l)irtr*1 Jr
O'ESil i

,,,,, i
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while on Sym, V* it is given by

Py, V*(9) Gl irsin) = D PV (D ijrings PV (9) o

Jesil,...,zr

_ —1 —1

= > v D (9 i
Ue’sil ..... i

Thus these two matrices p(gymr v)«(g) and psym, v+(g) are equal, as required.
To show that pgymrv)o(g) and psym, ve(g) are equal, we use the same

argument with ¢ occurring in place of g—1. ([

As with the upper symmetric powers, we write Sym, V' = ®j:11 Sym,, V,

and can model this space using a tabular construction.

Definition 3.8. Let ¢ be a tableau. Define the row symmetrisation of t to

be the element of Tbx*(V) given by

rsym(t) = Z t-1 .
T €rstab(¢)\RPP(\)
The subspace of Tbhx*(V') spanned by the row symmetrisations is iso-
morphic as a KG-module to Sym, V. Moreover, the set {rsym(t) | t €
RSSYT()) } is a basis for Sym, V.

3.3. Weyl endofunctors

We define the Weyl endofunctors A* as the duals of the Schur endofunc-
tors V*, in the sense given in the definition below. As a consequence, we will
see that the Weyl endofunctors can be viewed as either submodules of exte-
rior powers or quotients of lower symmetric powers. Taking the submodule
viewpoint, we give an explicit basis consisting of copolytabloids, generalising
the result given by [Wil20] in the case when K is infinite and G = GL(V).
Taking the quotient viewpoint, in §3.4 we describe the kernel as consisting

of row Garnir relations, a new description of this module.

Definition 3.9. The Weyl endofunctor labelled by A, denoted A*, is the
endofunctor on the category of KG-modules obtained by pre- and post-

composing the Schur endofunctor with the duality functor —*. That is, it is
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defined on a KG-module V' by
AAV — (V)\V*)*
and on a map f, by AMf = (VA f*)*.

The Weyl endofunctors are determined by the natural representations, in
the same sense as for the Schur endofunctors (Proposition 2.6). Examining
the representing homomorphism also demonstrates that, if G is a matrix
group closed under transposition, the definition of the Weyl endofunctor A*

o

can use the contravariant dual —° in place of —*.

Proposition 3.10.
(i) Suppose V is d-dimensional and let E be the natural representation of
GL4(K). Then pary = parppv-
(ii) Suppose G is a matriz group closed under transposition. Then ANV =2
(VAVe)e.

PROOF. By definition of A*V, the representing homomorphism satisfies

parv(9) = peoavey(9) = poay-(g~H) T

But pgay+ = pyagpv= by Proposition 2.6, so this becomes

(3.10.1) parv(9) = (perppv-(g7)) " = (pors(ov(9)) "

In particular, by setting V' = E we find that parp(M) = (pv)\E(MT))T for
all M € GL4(K). Choosing M = py(g) we obtain parxy(9) = pargov(9),
demonstrating (i).

Calculations analogous to the above, but with ¢' appearing in place

1

of g7, show that pigryey(g) = (vaE(,OV(g)T))T. This is precisely the

expression found for paay-(g) in (3.10.1), proving (ii). O

Since VAV* is a submodule of the upper symmetric power Sym* V*,
using Proposition 3.7 we see that ANV is a quotient of the lower symmetric
power Sym, V. Likewise since VAV* is a quotient of the exterior power
/\)‘/ V*, using Proposition 3.3 we see that A*V is a submodule of the exterior
power /\/\/ V. In the remainder of this section we find an explicit basis for
this submodule of /\/\l V.
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Definition 3.11. Let ¢ be a tableau. The copolytabloid of t is the element
of /\)‘/ V given by!
o(t) = >t
rerstab(t)\RPP())

In Proposition 3.13 we show that AV is precisely the subspace of
/\)‘/ V spanned by the copolytabloids. Unlike the case of polytabloids, it
is not immediately obvious from direct computation that the subspace of
copolytabloids is a K G-submodule: the row stabiliser of a tableau in the
image gt may differ from that of ¢, so it is not sufficient to observe that
the group action commutes with the place permutation action. However,
the copolytabloid of ¢ is the image of rsym(¢) under the canonical map
A: ThxMNV) — /\X V', so the space of copolytabloids is the image of Sym, V'
under a G-equivariant map and hence a K G-module.

We first make the obvious dualisation of Lemma 2.7. We use the column

ordering <. defined in §1.6.

Lemma 3.12. Let t be a row semistandard tableau. Then
o(t) = [t|+ > mylul
u<lct

for some elements m,, in the subring of K generated by 1. In particular, the

set {o(s) | s € SSYT(A) } is K-linearly independent.

PROOF. By definition, o(t) = >, c\stab()\rPP() |t * T|- Since ¢ is row
semistandard, ¢t - 7 <. t for all 7 € RPP(\), with equality if and only
if 7 € rstab(t); the claimed expression for o(¢) is then clear. The linear
independence of {e(s) | s € SSYT(A) } follows: the <.-greatest column
standard tableau whose column tabloid appears in o(s) is, being s itself,

distinct for each s € SSYT(A). O

The key step of the next proposition is showing that copolytabloids are
contained in AM. A special case of this argument, for the tableau ¢ defined

by t(i,7) = 4, is given by Wildon [Wil20, §3.2].

IThe symbol o is a schwa; it is a rotation of the Roman e.
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Proposition 3.13. The submodule of /\’\/ V' spanned by the copolytabloids
is isomorphic to ANV, and has K -basis {a(s) | s € SSYT()) }.

PrOOF. It suffices to show that AV is isomorphic to a submodule of
/\)‘/ V' containing the copolytabloids, for then the set {o(s) | s € SSYT(A) }
is a linearly independent set contained in a module of dimension dim AV =
dim VAV = |SSYT())|, and hence the set is a basis.

We view (VAV*)* as a submodule of (/\)‘/ V*)* via the dual to the surjec-
tive map e: /\)‘/ V* — VAV*; that is, by the injective map e*: (VAV*)* —
(/\X V*)* defined by e*(0)(z) = f(e(x)) for § € (VAV*)* and = € /\X %
Meanwhile we view ( /\’\l V*)* as isomorphic to /\’\/ V via the isomorphism
from Proposition 3.3 (defined on each tensor factor, with V* in place of V),
which we denote ¢. Since by definition AMV 2 (VAV*)*  our objective, then,
is to show that the copolytabloids lie in the image of ¥e*. Since o(t) = o(u)
if ¢ and u are row-equivalent tableaux, it suffices to show that copolytabloids
of row semistandard tableaux are contained in this image.

Fix t € RSSYTp(A). Let t* denote the tableau obtained from ¢ by replac-
ing each entry from B with its dual from B*. Let [t*]* denote the element
dual to [t*] in the basis of (Sym* V*)* dual to {[s] | s € RSSYTs-(\) }.
Since VAV* C Sym™ V*, we can restrict the function [t*]* to the subspace
VAV*, thus obtaining an element of (VAV*)*.

To view [t*]* as an element of (/\X V*)*, we compute e*([t*]*). For any
u € CSYTp+(A\) we have

e (1) (ul) = [£*]"(e(w))
=T Y. seu(o)fu-o]

o€CPP(X)

= Z sgn(o)1fu- o] = [t*]]

c€CPP(X)

- Z sgn(o)1[t* -7 =wu- o]

T€rstab(t*)\RPP(\) c€CPP()\)

where the last equality holds because there is at most one element 7 €

rstab(t*)\RPP(\) such that ¢* - 7 = u - 0, and such an element exists if and
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only if t* and u - 0 have the same multisets of entries in each row (that is,
if and only if [t*] = [u - o]).

We employ a similar argument to collapse the sum over CPP(\). Since u
is column standard and hence has distinct entries within a column, there is at
most one element o € CPP(A) such that ¢*-7 = u- o, and such an element ex-
ists if and only if t*-7 and u have the same multisets of entries in each column.
Write s* for the unique column semistandard tableau obtained from a tableau
s by sorting all the columns into ascending order; thus ¢* - 7 and u have the
same multisets of entries if and only if (t* - 7)* = u. Defining sgn(s — s')
to be the sign of the unique column-preserving permutation which makes
s into a column standard tableau (if it exists; defining sgn(s — s*) = 0 if
s does not have distinct column entries), the expression above becomes

e ([t (Jul) = DU 7 =ulsgn(tt T (7)),
rerstab(t*)\RPP())
Thus we have
e ([t]") = Do) g (tt - e (8- 7)),
rErstab(t*)\RPP()\)
where for a column standard tableau u, we denote by |u|* the element dual
to |u| in the basis of (/\X V*)* dual to {|s| | s € CSYTg-(A) }. Applying
1 we find that
(e ([t°]) = Do 1) sen(t-T = (E-1))

T€rstab(t)\RPP(\)

= ]

T€rstab(t)\RPP(\)
=o(1),
s0 o(t) is in the image ¥((VAV*)*) as required. O

Note that the map in Proposition 3.13 does not send e(t*)*, the element
dual to a polytabloid, to the copolytabloid o(t). Furthermore, it is not the
case that the basis {o(s) | s € SSYT(A) } is dual to the basis {e(s) | s €
SSYTp+(A) }. The change of basis matrix between these is given by the
Désarménien matrix [EGSO08, §5.3].
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Remark 3.14. Let ¢ be the tableau defined by ¢(i,j) = ¢, and note that
the row symmetrisation of ¢ is rsym(¢) = ¢, and so o(t) = |t|. Suppose K is
infinite.

(i) Suppose V' = FE is the natural representation of GL,(K). It can
be shown that the copolytabloid o(t) generates AME [EGS08, (5.3b)]. The
element o(t) is a weight vector in the sense described in §6.1 (and in the sense
described for SLy(K) in §11.1), and moreover is a unique highest weight
vector in a suitable sense. That is, A*E is generated by its unique highest
weight vector o(t).

(i) There is a natural map A*V — VAV obtained by viewing AV as
a submodule of /\/\/ V and applying the map e: /\)‘l V — VAV. This map
is nonzero: on the copolytabloid o(t) = [¢| it has image e(t) # 0 in V V.
If either char K = 0 or char K > ||, this map is an isomorphism. As the
Schur and Weyl endofunctors are determined by the natural representations
(Propositions 2.6 and 3.10), it suffices to show this in the case V = E the
natural representation of GL,,(K). By Schur’s Lemma, it suffices to know
that A*E and VAFE are both simple under the given conditions on K; this
follows from the semisimplicity of the Schur algebra [EGSO08, (2.6¢)].

In general this map AV — V*V is not an isomorphism. In the case
V' = E the natural representation of GL,(K), we have that o(t) generates
A*E as remarked above, and furthermore e(t) generates the unique nonzero
minimal submodule of VAE which is isomorphic to the simple head of A*E
[EGS08, (5.4c), (5.4d)]. It follows that the map has image the unique nonzero
minimal submodule of VA E and kernel the unique proper maximal submodule
of AME.

Example 3.15 (Lower symmetric powers; exterior powers).

(i) Suppose A = (n) consists of a single row. Then AV = Sym
because V™V = Sym" V and using Proposition 3.7. Also, o(t) =
rsym(t).

(ii) Suppose A = (1) consists of a single column. Then AUV = A"V
because VU™V = A"V and using Proposition 3.3. Also, o(t) = [t].



46 I. MULTILINEAR CONSTRUCTIONS

3.4. Row Garnir relations

In this subsection we identify the kernel of the map A: Sym, V — AV,
thus obtaining a concrete model of A*V as a quotient of the lower symmetric
power. The method is analogous to the treatment of the Schur endofunctor
in §2.2, but is complicated by the consideration of stabiliser sizes. Our
description of the kernel as consisting of the row Garnir relations below is

new.

Definition 3.16 (Row Garnir relations). Let ¢ be a tableau of shape A with
entries in B. Let 1 < ¢ < ¢ < M|, and let A C row;(\) and B C rowy(\)
be such that |A| 4+ |B| > A\;. Let T ={t-7 | 7 € Saup } be the set (not
multiset) of tableaux which can be obtained from ¢ by permuting boxes in
AU B. Let T/~; denote the set of equivalence classes of tableaux in T
modulo row equivalence. The row Garnir relation labelled by (¢, A, B) is the
element of Sym, V' given by
diaB) = Z |rstab(u) : rstab(u) N (Saup X S[)\]\AuB)‘ rsym(u).
u€T [ror
Let GH)‘(V) denote the subspace of Sym, V' which is spanned by the row

Garnir relations.

A row Garnir relation does not depend on the choice of equivalence
class representatives: in the notation of the definition, if u,u’ € T are such
that u ~; v/, then clearly rsym(u) = rsym(u’); furthermore there exists
o € RPP(X) N (Sau x Sppaup) such that uo = ' and hence rstab(u) =
orstab(u/)o™!, and so the index of rstab(u) N (Saup X Sppaup) in rstab(u)
is unchanged if u is replaced with u/. The representatives must indeed be
chosen from 7, however: if s € T, then u ~, s does not imply that the
relevant indices are equal.

It is not immediately clear that the K-subspace GY*(V) is a KG-
submodule. We do not show this fact directly, but instead deduce it after we
have shown G¥*(V) = ker A.

A row Garnir relation can also be expressed as a sum over double cosets.

This expression, given in Lemma 3.17 below, is helpful for proving that the
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row Garnir relations lie in the kernel of A (Proposition 3.21), but may be

more cumbersome for explicit calculations.

Lemma 3.17. Let 8(; 4 gy be any row Garnir relation. Let S = stab(t) N
SauB\Saup/Sa x Sp be a set of double coset representatives for stab(t) N

Saup on the left and S4 x Sp on the right in Saug. Then

i aB) = Z’rstab(t -7) :rstab(t - 7) N (Saup X S[)\]\AI_IB)‘ rsym(t - 7).
TES

PROOF. Both the definition of d(; 4 p) and the expression in the state-
ment above can be viewed as sums over S 4,5 modulo certain equivalence
relations: in the definition, by equality in 7 and row equivalence; in the
claim, by left multiplication by stab(¢) N S4p and right multiplication by
S x Sp. Reducing modulo left multiplication by stab(t) NS4 p precisely
corresponds to reduction modulo equality in 7: given 7,7’ € Sa,5, we have
that t -7 =t - 7' if and only if 7717/ € stab(t) N Saup. Reduction modulo
right multiplication by S4 x Sp precisely corresponds to the reduction mod-
ulo row equivalence in T: given u,u’ € T, we have u ~, v if and only if
there exists o € Sx x Sp such that u - o = u' (where we have used that

RPP()\)HSAHB:SAXSB). O

We illustrate the definition of a row Garnir relation with an example.

This example also demonstrates why it is the right definition to make.

Example 3.18. Suppose A = (2,2), B = [2], and ¢ = ; ; Let A =
{(1,1),(1,2)} and B = {(2,1)} (these sets of boxes are indicated in the

margin).

There are three distinct tableaux obtained by the action of S4,p on ¢:

111 211 112
212 112 112

The latter two are row equivalent, so a set of representatives is T/~ =

{ ey b } The second tableau has trivial row stabiliser. The first

22 [1]2
tableau, ¢ itself, has row stabiliser Spow, [z X Srow,[)]» Of size 4, whose intersec-

tion with Saup X S\ AuB 18 Srow, )], Of size 2. Thus the row Garnir relation
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is

N| =

2
1

o=
o
SN—
+
]
9]
<
B
—~

dip,a,B) =2 rsym(

111 2 112
= 215121t el el Rt R

[y

[\
N| =
—
[N}

Alternatively we can use the expression from Lemma 3.17. The group
Saup is isomorphic as an abstract group to S3, and is generated by the
transpositions 7 = ((1, 1) (2, 1)) and w = ((1, 1) (1,2)) (these permutations
are depicted in the margin). Note that stab(t) N Saup = S4 x Sp, and
w is the unique nontrivial element of this subgroup. Thus there are only
two double cosets, {id,w} and {7, 7w, wT,wTw}, and a choice of double coset

representatives is
stab(t) N Sau\Saup/Sa x Sp = {id, 7}.

The set {t,t-7} obtained from the action of these double coset representatives
is precisely the above choice of representatives for 7 /~;, and thus we obtain
d1,4,B) as above.
Observe that the image of d(; 4, p) under the map A: Thx*(V) — /\’\l 1%
is
A(H(t,A,B)) = 29(t) + S(t . ’T)
], 2|1, |12
=2ala|+3[a[ +]a]

as the upcoming Proposition 3.21 claims. This allows us to rewrite the non-

2|1
1(2

(as described in general in the upcoming Lemma 3.24).

semistandard copolytabloid a( ) in terms of semistandard copolytabloids

We now use this example to demonstrate why our definition of the row
Garnir relations is the correct definite to make.

The obvious candidate for a simpler definition is in direct analogy with the
usual Garnir relations: define E:IE; A,B) @8 a sum over left coset representatives
of S4 x Sp in S, p, without any coefficients appearing in the sum. A choice

of coset representatives is Sa,p/54 x Sp = {id, 7,w7}. In our example we
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have
* 1|1 211
H<t’A’B):rsym<22)+2rsym<1 2)
i1 2[1 1[2 2[1 1]2
=t t 22 2 2 T 2Eh

whose image under A is

A¥m) = o (3] + 20 (BR)
|

11 2|1 1|2
2fa|+2[3al +2l

1)1
=333

which is nonzero (in characteristics other than 3). Similarly it can be shown
that summing over the entire group Sap also fails to yield an element of
the kernel (in this example we would obtain twice the quantity above).

An alternative definition that does yield elements of the kernel is to, as
above, sum over left coset representatives of Sy x Sp in S4p (without any
additional coefficients), but replace the row symmetrisation with a sum over

the entire group of row preserving permutations. Define

am= D > toTo.

TESAuB/SaxSp c€RPP())

It can be shown, analogously to the proof of Proposition 2.8, that these
elements lie in the kernel of A; this proof is much simpler than that of
Proposition 3.21 because the sums over the row permutations do not depend
on the tableaux to which they are being applied. However, in general these
elements have scalar factors, and hence cannot be used in a straightening
algorithm (as described in Lemma 3.24) to express a copolytabloid in terms

of semistandard copolytabloids. In our example, we have

Gam= Y, G0 + 2> Hlo

[\
=

[\
=
N
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Remark 3.19. If ¢ is of symmetric type, then a row Garnir relation labelled
by t is simpler to write down: the row stabiliser of any place permutation
of t is trivial, so all the coefficients in the expression are 1, and the row
symmetrisations are sums over the entire group of row preserving permu-
tations. Additionally, the proof of the upcoming Proposition 3.21 is much
easier (as noted in Example 3.18). In this case, when G = S, and V =W
the natural permutation representation, the row Garnir relations become
well-known relations for the dual Specht module (S*)* [Ful97, Exercise 14,
p. 101]. Similar relations hold working in the cellular basis of the dual Specht
module for the Hecke algebra [Mat99, §3.2].

We now show that the row Garnir relations lie in the kernel of A. The
strategy is to rewrite the double coset expression for d; 4,p) to remove the
dependence between the sums, and then argue as in the proof of Propo-
sition 2.8. To this end, we first record some expressions for sets of coset

representatives.

Lemma 3.20. Let I' be any group, and let I, J and L be subgroups of
I'. Denote compontentwise multiplication of sets by concatenation. The
following equalities hold, interpreted as statements about choices of coset
representatives.
(i) INT = Ugeprys Unesnmsight-

(it) (LNIXJ)\T = (LNIxJ\IxJ)(IxJ\T).

(i) (LNIxJ)\T = (LNIxJ\LNT)(LNT\T).

() (LNIxJ)\IxJ=(LNI\I)(LNJ\J) if I and J commute and are

disjoint.
ProoOF. All the statements are routine exercises in bookkeeping. (]

Proposition 3.21 (cf. Proposition 2.8). If ¥(; 4 p) is any row Garnir rela-
tion, then N(dq a,p)) = 0.

ProOOF. For convenience, we introduce some abbreviations: H = stabt,
C=AUBand Z = [\]\ AUB, and for D C [\] we write Rp = RPP(A\)NSp
(and hence Ryy; = RPP()\)). We then have, for 7 € S|y, that stab(t - 7) =
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H™ = 7' Hr, that rstab(t-7) = H" NRyy), that rstab(t-7) N (Sc x Spy¢) =
H™ N (Re x Ryz), and that Rg = S4 x Sp.

For each 7 € S|y, we use Lemma 3.20(iii) with I' = Ry, L = H™, I = R,
J = Rz to find that

Z It-T7| = Z Z |t - o]

TFEHTﬁ(RcXRz)\RP\] L,DEHTﬂ(chRz)\HTﬂR[A] O’EHTQRP\]\R[/\]
:}HTQR[/\]:HTQchRz} Z |t - T0]
UEHTQR[A]\R[)\]

=|H" NRpy : H" NRexRz|Arsym(t - 7))

where we have used that elements of H™ N Ry fix ¢ - 7. Note the index is
precisely the index occurring in the definition of the row Garnir relations.

Therefore the element we are required to show is zero is

AN8,4,8) = Z Z |t 7l

TEHﬁSc\Sc/RC TFEHTﬁ(chRz)\RP\]

-y > > eyl

TEHﬁSc\Sc/RC wEHTﬂ(RcXRz)\RcXRz O'GRcXRz\R[)\]

= > . > 3 |t Txdol

TEHﬂSc\Sc/RC XGHTﬂRc\RC ’LZJEHTﬂRz\RZ O‘GRcXRz\R[}\]

where the last two equalities hold by parts (ii) and (iv) of Lemma 3.20
respectively, each with R =Ry, L=H", I =R¢, J = Rz.
Now we combine terms using Lemma 3.20(i) with I' = S¢, I = H N S¢

and J = R¢o. We see that the final line above becomes

/\(H(t,A,B)) = Z Z Z |t - TYo|.

TGHQSC\SC QZJEHTﬂRz\RZ O’GRCmRz\R[)\]

Notice that, because the boxes of Z are fixed by 7 € Saup, we have that
H™NRz = HNRyz is independent of 7. The rightmost sum above also has
indexing set independent of 7, and both of these indexing sets are subsets of
Ry, so it suffices to show that }_ . g \g, [t 70| =0 for all o € Rpy).
Fix 0 € Rpy. Recall from the definition of a row Garnir relation that A C
row;[A] and B C row;[)\] for some 1 < i < i’ < Ay, and that |[A| + |B| > ;.

Thus by the pigeonhole principle there exists a column containing both a box
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in A and a box in B. Moreover the same claim holds if we act by o first; that is,
there exist a € A, b € B and 1 < j < A; such that ao = (4, j) and bo = (7', j).
Let w = (a b) € Saup, and note that w® = o~ 'wo = (ac bo) € CPP(\).
Define an action of w on the set of cosets H N Saup\Saup by right
multiplication. If 7 € HNS4,5\Saup is in an orbit of size 1, then t-7 = t-7w
and hence t- 7o = t-Tow?. But then t- 70 has the same entries in ac and bo;
since these are in the same column, this implies |t - 70| = 0. If {7, 7w} is an
orbit of size 2, then since w” € CPP()\) we have |t-Two| = |t-Tow?| = —|t-T0|,
and so the contributions to the sum of these orbits cancel out. Thus the

entire sum is zero, as required. ([l

Just as for the original Garnir relations, it suffices to consider a certain
subset of the row Garnir relations: those in which the chosen rows are
adjacent, and boxes are taken from the right of the upper row and the left of
the lower row. We call these relations row snake relations; they are defined
formally below. Unlike the snake relation, which permitted the chosen
boxes to overlap only in a single row, here we permit them to overlap in
multiple columns. This is due to our straightening algorithm (Lemmas 3.23
and 3.24) requiring the chosen boxes to contain all or none of the instances

of a particular entry in a row.

Definition 3.22. A row Garnir relation ¥(; 4 p) is called a row snake relation
when, in the notation of Definition 3.16, ¢/ = 7 + 1 and there exist j < j’
such that A={(i,7) | j<r<XN}and B={(/,r) | 1 <r <j'}. In this

case, we may also label the row Garnir relation by (¢, 4, (7,5)).

Lemma 3.23 (cf. Lemma 2.10). Let t be a row semistandard tableau, and
suppose © and j < j' are such that there exists j < jo < j' such that:
e t(i,j0) = t(i+1,jo0);
o t(i,j) =t(i,jo) and t(i+1,7") =t(i + 1, jo);
o i(i,j—1) < t(i,7) (orj = 1) and t(i+1,5) < t(i+1,5+1) (or j' =
Aig1)-
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Then
a(t,i,(j,j/)) = rsym(t) + Z my, rsym(u)

u<rt

for some elements m,, in the subring of K generated by 1.

PRroOOF. The diagram below illustrates the hypotheses satisfied by the
sets A={(i,r) | j<r<N}and B={(i+1,r) | 1 <r < j} defining
the Garnir relation (these sets are shaded in the diagram).

4

1 J Jo J A

77N
7
/,

i+1 N

A
A
A
Il
I
1]
1L}
A

In particular all the boxes in B contain entries less than or equal to all
the entries in boxes in A. Therefore for any 7 € S B, we have t - 7 <, ¢,
and furthermore row equivalence ¢ - 7 ~; t holds if and only if 7 € (stab(t) N
Saup)(Sa x Sp). Thus the row symmetrisation rsym(¢) appears precisely
once in Y ; (. jy), with coefficient ’rstab(t) s rstab(t) N (Saup X S[/\}\AuBH-
But by the assumptions, as displayed above, every entry in row i of ¢
occurs either only in A or only in row;[A] \ A, and likewise every entry
in row 7 + 1 of ¢ occurs either only in B or only in row;yi[A] \ B. Then

rstab(t) C Saup x S|a\aup, and so this coefficient is 1. O

Lemma 3.24 (cf. Lemma 2.11). Let t be any tableau. Then there exists
some K-linear combination ~y of row snake relations (with coefficients in the
subring of K generated by 1) such that
rsym(t) +v = Z as rsym(s)
SESSYT(N)

for some elements as in the subring of K generated by 1 (which may be all

zero).

Proor. Without loss of generality, we may assume ¢ is row semistandard.
If ¢ is also column standard, we are done. Otherwise, choose a box (i, jg) such

that t(i+1, jo) < t(4,jo). Then pick j < jo < j'such that ¢(i,j—1) < t(i,j) =
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t(i,4o) (or j = 1) and t(i+1,j0) = t(i+1,5") < t(i+1,j+1) (or j/ = Nit1).
By Lemma 3.23 we have that 8 ; (; ;) = rsym(t) + >, ., my, rsym(u) for
some elements m,, in the subring of K generated by 1. Then rsym(t) — ¥, ; ;)
is a linear combination of row symmetrisations of tableaux which precede ¢

in the row ordering. The lemma then follows by induction. (]

Analogously to Lemma 2.11, the above lemma gives a direct proof that
the semistandard copolytabloids span A*V (and hence form a basis by
Lemma 3.12), a fact which we deduced by dimension counting in Proposi-

tion 3.13.

Proposition 3.25 (cf. Proposition 2.13). There is equality ker(A|sym, v) =
GYMNV) (and consequently GV is a KG-module), and hence there is a
KG-isomorphism

Ay S \%
ANV = ymy /GH)\(V)

PROOF. From Proposition 3.21, we have that GY4*(V) C ker A. It there-
fore suffices to show that the row snake relations span ker A.
Let k € ker A. By Lemma 3.24 there exists a K-linear combination v of
row snake relations such that
K+~ = Z as rsym(s)
sESSYT(N)
for some elements o, € K. Applying A to this equation and using that
GYN(V) C ker A, we find
0= Z as9(s).
sESSYT(N)
By Lemma 3.12 the semistandard copolytabloids are K-linearly independent,
so this implies that ag = 0 for all s. Hence k = —~ is in the span of the row

snake relations, as required. [l



4. SPECHT MODULES AND WEYL MODULES 55
4. Specht modules and Weyl modules

We now specialise the constructions of this chapter to representations of
the general linear and symmetric groups. We obtain some important families
of modules: the Specht modules for the symmetric group, and the Weyl and

dual Weyl modules for the general linear group.

4.1. Specht modules and their duals

Let W be the natural permutation representation of the symmetric group
Sy. That is, W has a basis wy,...,w, such that cw; = w;,—1 for o € S,.
With respect to this basis, W is a permutation module, and so the multilinear
constructions of the previous chapter yield K S,-modules when restricted
to tableaux of symmetric type (recall tableaux of symmetric type are those
with all entries distinct).

Let S* = Vg‘ymW. We call S* the Specht module. The set of standard
tableaux of symmetric type label a basis, and moreover a permutation basis,
for S*.

Due to the submodule construction of the Schur endofunctor, S* can be
A

sym

viewed as a submodule of Symg,,, W (called the Young permutation module).
Due to the quotient construction of the Schur endofunctor, S* is known to
obey the Garnir relations.

This construction of the Specht modules is due to James [Jam78]. James
also gives the following well-known classification of the simple modules of
the symmetric group S;:

e when K has characteristic 0, the Specht modules form a complete

irredundant set of simple K S,-modules;

e when K has characteristic p, the Specht modules labelled by p-regular
partitions have simple heads, and these heads form a complete irre-
dundant set of simple KS,-modules (a partition is said to be p-regular
if no part is repeated p or more times).

The dual (S*)* of the Specht module can be obtained from the Weyl

endofunctor (restricted to tableaux of symmetric type). Indeed, as W is
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a permutation module, we have W =2 W*, and so AW = (VAW)*. Thus
AW =2 (S2)*,

sym

Remark 4.1. Some authors (such as Mathas [Mat99]) instead call A2, W

sym

the Specht module, the dual of our definition.

4.2. Weyl and dual Weyl modules

Suppose K is infinite. Recall E denotes the natural representation of
GL,,(K); that is, E has basis Xi,..., X, with respect to which pg(g) =g
for all g € GL,,(K).

We call AME the Weyl module and we call VAE the dual Weyl module.
Since E° = E, we have that (A*E)° = VAE, as the name suggests.

We will see in §5 in the following chapter that both modules A*E and
VAE are polynomial of degree |\| (Proposition 5.6).

As shown for example in [EGS08], the Weyl and dual Weyl modules are
indecomposable, and moreover the Weyl modules have simple heads and

(hence) the dual Weyl modules have simple socles. We write

A
A E/rad ANE = Soc V> E.

INE) =

These simple modules form a complete irredundant set of simple modules in a

certain subcategory of representations of GL,,(K) (the category of polynomial
representations of GL,,(K) of degree |\|).

Many alternative constructions of the Weyl and dual Weyl modules are

available; comparisons with our construction were made in §0.2.



CHAPTER II

Polynomial representations of matrix groups

In this chapter we give a brief introduction to the category of polynomial
representations of matrix groups. This category includes the Weyl and dual
Weyl modules constructed at the end of the previous chapter.

Definitions, examples and first results are given in §5; notably we show
that a polynomial representation of GL,,(K) is determined up to a power of
the determinant by the action of SL, (K). An important connection between
polynomial representations and representations of the symmetric group is
given by the Schur functor and its inverse (not to be confused with the Schur
endofunctor constructed in Chapter I); these functors are introduced in §6.
In the short §7 we define the dimension reduction functor, which gives a
connection between polynomial representations of GL,,(K) for different n.

Polynomial representations, and the Schur functor and its inverses, are
usually described in the language of the Schur algebra (see [EGS08, §2 and
§6]). Here we give the explicit, intuitive interpretation of the property of
being polynomial (see [Will4]), and an elementary construction of the Schur
functor and its inverses which requires only the notions of weight spaces,
tensor products and hom spaces. While we are primarily concerned with the
case where K is an infinite field, our interpretation has the advantage that it
permits extension to finite fields (see Remark 6.22 for a comparison with the

Schur algebra approach).

57
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5. Elementary results on polynomial representations

In this section we define polynomial representations and see that various
common operations on modules preserve the property of being polynomial,
including the multilinear constructions of the previous chapter. It follows
that the Weyl and dual Weyl modules are polynomial. We also show that
the action of the special linear group is sufficient to determine a polynomial

representation of the general linear group, up to a power of the determinant.

5.1. Definitions and examples

Definition 5.1 (Polynomial representations). Suppose K is an infinite field
and G < GL,(K) is an infinite matrix group. A representation p of G is
called polynomial if there exist polynomials p(t9) e Klz11, 212, ..., Tnp

2

over K in n® variables such that for all ¢ € G we have

p(9)ij =P (g1, 12, -+, Gnn)-

We call the polynomials p(e9) the representing polynomials. A polynomial
representation of GL,,(K) has degree r if all the representing polynomials

are homogeneous of degree 7.

That is, a representation of a matrix group G is polynomial if, with
respect to some basis, the entries of the matrix representing the action of
g € G are (fixed) polynomials in the entries of g.

Note that if p has representing polynomials p(*/) and M is a fixed
invertible matrix, then the polynomials p(47) = > ab Mi@p(“’b) Ml; jl are rep-
resenting polynomials for MpM 1. Thus if representing polynomials exist
for one choice of basis then they exist for all choices of basis.

We illustrate the definition with some examples and non-examples.

Example 5.2 (Examples of polynomial representations).
(i) The natural representation E of GL,(K) is polynomial of degree 1,
with representing polynomials p%’j ) = Tij-
(ii) The determinant representation det £ is polynomial of degree n.
(iii) Let E be the natural representation of GLo(K) with standard basis

{X,Y}, and consider the representation Sym? E. Denoting elements
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of the symmetric power by concatenating their factors, we use the
basis {X?2, XY,Y?} for Sym? E. The matrix (:g) € GLy(K) is
represented by

o? af B2
PsmeE((:g)): 20y ad+ By 280
OGN T I

Ly _ 2 (2,1)
Sym?E N E pSmeE

and thus Sym? F is polynomial of degree 2. (We show in Proposition 5.6

Representing polynomials are p = 2x1,122,1, etc,
that all images of polynomial representations under Schur and Weyl

endofunctors are polynomial.)

Example 5.3 (Non-examples of polynomial representations).

(i) The 1-dimensional representation of GL,(K) on which g € GL,(K)
acts by (det g) ! is not polynomial, as the reciprocal of the determinant
cannot be written as a polynomial in the entries of the matrix.

(ii) Consider the dual E* of the natural representation of GLy(K). The
matrix (: g ) € GLy(K) is represented by

e (5= (03 =t ()

whose entries cannot be written as polynomials in «, 5,7, d, again due
to the reciprocal of the determinant. This illustrates that the dual of
a polynomial representation need not be polynomial.

(iii) [cf. Example 1.2, Will4] Suppose K = R and G = GL,(R), and
consider the 2-dimensional representation p: G — GL2(R) defined by

1 logl|det g
plg) = :
0 1

This is not polynomial as the logarithm cannot be written as a poly-

nomial.

Proposition 5.4. Suppose K is an infinite field. There is a unique choice
of representing polynomials for a polynomial representation of GL,(K). In

particular, the degree of a polynomial representation is well-defined.
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Proor. This follows from two facts: the set of invertible matrices is
Zariski-dense in the set of all matrices, and over an infinite field a polynomial
in NV variables which vanishes on all inputs is the zero polynomial (this latter
fact can be shown by induction on N, by fixing N — 1 variables and using
that a nonzero polynomial in one variable has only finitely many roots).

Explicitly, suppose polynomials f,h € K[z11, 1,2, ... , Tnn| agree on
all invertible matrices. Let det € K[z 1, 212, ..., Tnp) be the determinant
polynomial. The polynomial (f — h)det vanishes on all matrices, and so is

the zero polynomial; since det # 0, we conclude f = h. O

Remark 5.5. Proposition 5.4 may fail for infinite matrix groups other than
GL,(K). For example, if G = SL,,(K), then representing polynomials may
be multiplied by powers of the determinant without changing their evaluation

on elements of G.

Proposition 5.6.
(i) Submodules and quotients of a polynomial representation (of degree r)
are polynomial (of degree r).
(ii) Direct sums of polynomial representations (of degree r) are polynomial
(of degree ).
(iii) Tensor products of polynomial representations (of degrees r;) are poly-
nomial (of degree the sum of the r;).
(iv) The contravariant dual of a polynomial representation (of degree r) is
polynomial (of degree r).
(v) Images under Schur and Weyl endofunctors V> and A* of a polynomial
representation (of degree r) are polynomial (of degree |\|r).
In particular, the Weyl and dual Weyl modules ANE and VE are polynomial,
of degree |\|.

PRrOOF. Parts (i)—(iv) are clear from considering the forms of the repre-

senting matrices. Part (v) follows from the previous parts. U

Remark 5.7. The definition of a polynomial representation still makes sense
if the field K is finite, or if the matrix group G is finite. However, it is not a

useful definition to make, for the following reasons.
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(i) All representations of a finite matrix group satisfy the definition of
being polynomial. Indeed, let F' C K be the set of field elements which appear
as entries of matrices in G, and for each o € F' define a polynomial 1,(z) =
[Tser (o) (@ — B)(a = B) 7" so that Ta(e) = 1 and 14(8) = 0if 5 # o Then
define for each g € G a polynomial 14(z1,1, Z12, ... , Tpn) = H” 1y, (i5)
so that 14(g1.1, 91,2, --- » gn,n) = 1 and 1, vanishes on all other inputs. Then
given any representation p of G we can choose representing polynomials
P =Tgeq P(9)is1y-

(ii) The degree of a polynomial representation of the finite GL, (K)
(or any finite matrix group) would not be well-defined. This can be seen
by modifying the construction in (i) above: the representing polynomials
constructed there are homogeneous of degree (|F| — 1)|G|, but for example
we can replace the polynomials 1, with their squares and obtain representing
polynomials which are homogeneous of twice that degree. Alternatively, in
the case of a finite field, the degrees of polynomials being ill-defined is clear

from the fact that a? = « for any o € K when K is of order q.

Remark 5.8. We note that the action of GL,(K) on a polynomial rep-
resentation can be extended to an action of Mat, (K), the semigroup of
all (not necessarily invertible) n x n matrices. This is achieved simply by
evaluating the representing polynomials on arbitrary matrices. We need to
check, however, that the semigroup multiplication is compatible with this
action. Writing p(*/) for the representing polynomials, the compatibility

requirement is precisely the identity

n
Zp(z,k)(th L1,25 -+ $n,n)P(k’])(y171, Y12, --- yn,n)
k=1

n n n
— p(%j) ( Z T1 kYK 1 Z T1,kYk2s -+ 5 Z l'n,kyk,n)
k=1 k=1 k=1

between polynomials in 2n? variables, for all 1 < 4,j < n. Indeed, since this
identity holds for all choices of variables corresponding to pairs of invertible
matrices, then (as in the proof of Proposition 5.4) it holds for all choices of

variables.
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5.2. Restriction to special linear groups

It is often simpler to work over the special linear group SL, (K) than the
full general linear group. In this subsection we record the results required to
pass between these groups.

We first identify generating sets for the general and special linear groups.
We say a matrix is an elementary transvection if it has 1s on the diagonal
and a unique nonzero off-diagonal entry; we say a matrix is a scalar matriz

if it is a (nonzero) scalar multiple of the identity matrix.

Lemma 5.9 (Generation of SL,,(K) and GL,(K)).
(i) The group SLy,(K) is generated by elementary transvections.
(ii) The group GL,(K) is generated by elementary transvections and diag-
onal matrices.
(iii) If K is algebraically closed, then GL,(K) is generated by elementary

transvections and scalar matrices.

ProOF. [Lan02, Chapter XIII, Proposition 9.1] proves (i) and (ii). When
K is algebraically closed, we can choose an nth root of the determinant, and

a simple modification to the proof yields (iii). O

The key result for passing from representations of SLy,(K) to GL,(K) is

the following proposition.

Proposition 5.10. Suppose K is infinite. Let V and W be polynomial
representation of GL,(K) of degrees v and s, where v > s. If Vlgsy,, (k) =
WsL, k), then there exists m > 0 such that r —s = mn and V = W ®
(det E)®™,

PrOOF. Suppose Vst (k) = WlsL, (k); then there exist bases for V' and
W such that py(g) = pw(g) for all g € SL,(K). Then for each pair of
coordinates (i, j), the difference of the representing polynomials pg’j ) pg}j )
vanishes on SL, (K).

Suppose first that K is algebraically closed. Then SL,,(K) is the algebraic
set of zeroes of the polynomial det —1, and so by Hilbert’s Nullstellensatz

(as formulated for example in [AM69, Chapter 7, Exercise 14]), there exists
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[ € N such that (pg’j ) _ pg}j ))l lies in the ideal generated by det —1. Since
the polynomial det —1 is irreducible and hence this ideal is prime, in fact
pgd ) p(i’j ) lies in the ideal. Thus we can write pg’j ) pg}j ) = (det —1) f for
some polynomial f € K[z11, 12, ..., Tnnl, and decompose into a system
of equations of homogeneous polynomials. Solving this system leads routinely
to the requirement r = s + mn for some m > 0 and that pg’j ) = (det)mpg}j ),

If K is not algebraically closed, let K denote its algebraic closure, and
construct polynomial representations V and W of GL,,(K) over K by using

the same representing polynomials as V' and W. That is, we set p(vi’j ) = pg/i’j )

and p%j ) = pg}j ), (This indeed defines a representation, as can be seen
similarly to the argument in Remark 5.8: the polynomial equalities which
imply compatibility with the group multiplication hold when evaluated on
any invertible matrix over K, and so are genuine equalities of polynomials.)

It suffices to show that py; and py; agree on SL,(K), for then we can
apply the algebraically closed case above to find that r — s = mn and
pg’j) = %’j) = (det)mp%j) = (det)mpg}j). By Lemma 5.9(i), it suffices
to show that py(9)ij = pyr(9)i,; for all elementary transvections g, for all
1 <i,5<d Fixl<a#b< n and consider elementary transvections
whose unique off-diagonal entries are in position (a,b). Define univariate

polynomials fy, fr € K|y by specialising the representing polynomials pg/i’j )

and pg}j) at Tap =Y, Tee = 1 for 1 < ¢ < n, and all other variables equal to
0. Writing ¢(® for the elementary transvection having Jap=afora €K,

we therefore have
fr(a) = pp(g" )iy

and likewise for W. But py and py; agree on elements of SL,(K), so
fv(a) = fw(a) for all & € K. Since K is infinite, this implies fy = fw, and
80 pir(9)i; = pp(9')); ; for all @ € K as required. O

Remark 5.11. A proof of Proposition 5.10 which avoids the Nullstellensatz
is possible when it is known that r — s is an integer multiple of n. Writing
m for this integer, we are required to show py = pw ® p?e?. When K is
algebraically closed, Lemma 5.9 tells us that GL,,(K) is generated by SL,,(K)



64 II. POLYNOMIAL REPRESENTATIONS OF MATRIX GROUPS

and the scalar matrices, and since the homomorphisms agree on SL,, (K) by
hypothesis, it suffices to show that py (al,) = o™ pw (aly) for all « € K*.

Consider specialising the representing polynomials pg’j ) at x;; =y for
all 1 <4 < n and all other variables at 0, yielding univariate polynomials
in Ky]. Since each pg’j ) is homogeneous of degree r, the result is either
the zero polynomial or a multiple of y", and considering the case y = 1
determines that the diagonal representing polynomials specialise to y" and
all others vanish. Thus py(al,) = "I where d is the common dimension

of V and W, and likewise py (al,) = a®I;. The requirement follows.

Separately, we can completely classify the 1-dimensional polynomial

representations using the following group-theoretic fact.

Lemma 5.12. Unless n =2 and K = Fq, the general linear group GL,(K)
has derived subgroup SLy,(K) and abelianisation K*.

(K)/SL,L(K) = K* is abelian, and so the

derived subgroup of GL,,(K) is contained in SL,(K). On the other hand,

ProOOF. The quotient GLn

SL,,(K) is its own derived subgroup except when n = 2 and K = Fy ([Lan02,
Chapter XIII, Theorems 8.3 and 9.2]), and hence the derived subgroup of
GL,(K) contains SL,,(K). O

Remark 5.13. When n = 2 and K = Fy, we have GLy(F2) = SLy(Fy) =
S3. Thus the derived subgroup is isomorphic to As 2% SLs(Fs), and the

abelianisation is isomorphic to Cy 2 FJ'.

Proposition 5.14. Let V be a 1-dimensional representation of GL,(K),
and suppose that either V is polynomial or K is finite. Then V is isomorphic
to a non-negative power of the determinant representation (and in particular

VlsL. (k) i the trivial representation).

PRrROOF. Let p: GL,(K) — K* be a one-dimensional representation of
GL,(K). Suppose first that it is not the case that n = 2 and K = Fo; then
the derived subgroup of GL,,(K) is SL,(K). By the universal property of
the abelianisation, p factors through the surjection det: GL,(K) — K*; let
p: K* — K* be the map such that ¢ det = p. It then suffices to show that
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p: K* — K* is a non-negative integer power map. If K is finite, then K*
is a finite cyclic group and this is clear. If V' is polynomial, then this follows
from the requirement that p(lvl) is a polynomial.

For the case n = 2 and K = 9, observe that the determinant represen-
tation is trivial, and that GLga(Fg) 2 SLa(Fg) 2 S5 so in characteristic 2 the

trivial representation is the unique 1-dimensional representation. (Il

Remark 5.15. Proposition 5.14 also holds, by the same proof, for represen-
tations of finite groups in non-defining characteristic, with the exception of
the case n = 2 and K = Fy. In this case we have GLa(FF3) = SLy(Fq) = Ss
and the determinant representation is the trivial representation, but the

1-dimensional sign representation exists in characteristics other than 2.
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6. The Schur functor and its inverses

The Schur functor and its one-sided inverses provide an important con-
nection between the representation theory of the general linear groups and
of the symmetric groups. In this section we define the Schur functor F as a
weight space; show it is isomorphic to a hom functor and hence define its
left-adjoint Gg; and finally use duality to deduce F has a right-adjoint Grom
and hence is isomorphic to a tensor product.

The approach here differs from the usual description of the Schur functor
in the language of the Schur algebra (see [EGS08, Section 6]), where the
definition as a weight space can be seen to be equivalent to multiplication
by a certain idempotent. Our approach avoids the machinery of coalgebras,

and opens the possibility of considering these functors over finite fields.

6.1. Weight spaces and the Schur functor

Definition 6.1 (Weight space). Suppose K is infinite. Let V' be a represen-
tation of GL,(K). Let v be a composition with at most n nonzero parts.

The v-weight space of V is the subspace
aq
V, = {UEV'< )v:oﬁl-~-a2”v for all al,...,aneKX}.
Qn

A composition v such that V,, # 0 is called a weight of V. A nonzero element

v €V, is called a weight vector with weight v.

The assumption that K is infinite is made so that there exist field
elements of arbitrarily large order, and hence so that weights are well-defined

(that is, so that weight vectors have a unique weight).

Example 6.2. The canonical basis of the natural representation E of
GL,(K) consists of weight vectors: the basis element X; has weight
(0,...,0,1,0,...,0) where the 1 occurs in the ith position.

The polytabloid basis for the dual Weyl module V*E consists of weight
vectors: the polytabloid e(t) has weight the weight of ¢ (that is, the multiset
of entries of t expressed as a composition, as defined in §1.1). Likewise

Tbx*E, Sym* E, Sym, E, /\>‘ E and A*E have weight vector bases labelled
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by tableaux, with the weights of the vectors being the weight of the tableaux.

This explains the terminology for the multiset of entries of t.

For n > r, we write the permutation matrix corresponding to o € .S, as

go € GL,(K), defined by

(6.3) (90)i,j = 1[io = j]

(where we view i0 =i for i > 7). A simple calculation shows this definition
satisfies gor = gogr for o, 7 € S;; that is, o — ¢, is a group homomorphism.
Let S, < GL,(K) denote this subgroup of permutation matrices (those which
fix r+1,...,n). Of course, S, >3,

Lemma 6.4. Suppose K is infinite and n > r. Let V be a left KGL,(K)-
module. The weight space V(i gn-ry is invariant under the action of S,, and

therefore becomes a left KS,.-module.

PROOF. Let v € V(1 gn—ry and let o € S;; we are required to show that

(")

n n

o hge)ig =Y > aplfic! = k]L[k = l]1[lo = j]

k=11=1

gov S ‘/'(17,’0”77,)' Let

and observe that

= O‘ia—l]]-[i = ]]
Thus
®ro—1
thU:ga< >U:a1"’ar907j
an0'71
S0 gov € V(qr gn—ry as required. ([
Definition 6.5 (Schur functor). Suppose K is infinite and n > r. The Schur

functor F is the functor from the category of polynomial left KGL, (K)-
modules of degree r to the category of left KS,.-modules defined by

F(V) — ‘/(1'r,0n77‘)

on modules, and by restriction on maps.
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Note that the action of F on maps is indeed well-defined: if p: V — V'
is a GL, (K)-equivariant map and diagonal matrices act by certain scalars
on v € V, then diagonal matrices act by the same scalars on p(v) € V'; thus
restriction to a weight space in the domain permits restriction to the same
weight space in the codomain.

We remark that the definition of the Schur functor makes sense on
any polynomial representation of GL,(K) (or indeed any representation of
GL,,(K) when K is infinite). However, if V' is a polynomial representation
of GL,,(K) of degree 1’ # r, then F(V) = 0. This is because if there exists a
nonzero v € V(yr gn-ry, then choosing a basis of V' whose first element is v we
have that the representing polynomial p(X:!) has the monomial x1,1 - Tpy Of
degree r as a summand.

The following identification of the image of the dual Weyl module under
the Schur functor F is well-known. (On the other hand, the image of the
Specht module under the one-sided inverse Schur functors defined in the

following subsections is harder to determine, and is the subject of Chapter IV.)

Proposition 6.6 (cf. [EGS08, §6.3]). Suppose K is infinite and n > r. Let
X be a partition of r. There is an isomorphism F(V E) = S

PROOF. As noted in Example 6.2, the polytabloid basis for VAE is a
basis of weight vectors, with e(t) having weight the weight of ¢. Thus F(V E)
is spanned by polytabloids labelled by tableaux of weight (1",0"""), which
are the tableaux of symmetric type with entries in {X,..., X, } (an r-subset
of the basis for E). The isomorphism to S is given by the obvious map
sending such a polytabloid to the polytabloid of symmetric type with entries
in the basis for the natural permutation representation W (also an r-set).
Indeed this map respects the S,-action, as permutation matrices act on the
basis elements Xy, ..., X, of E precisely as permutations act on the basis of

the natural permutation representation W. (|
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6.2. The tensor-hom adjunction and the left-adjoint inverse Schur

functor

We show that the Schur functor can be viewed as a hom functor. This
demonstrates that F is left exact, and furthermore allows us to identify via
the tensor-hom adjunction a left-adjoint to F, which turns out to also be a
right-inverse.

We first recall how a bimodule gives rise to hom and tensor functors.
Let G and G2 be groups, and suppose V is a left KGi-module, U is a
left KGo-module, and M is a (KG1, KGsy)-bimodule. Then the hom space
Hompgq, (M,V) is a left KGo-module, with action on f € Homgg, (M,V)
defined by (g2f)(m) = f(mgz) for all go € G2, m € M. Meanwhile the
tensor product M ®kg, U is a left KGi-module, with action on m ® u €
M ®kq, U defined by gi(m ® u) = (¢91m) ® u for all g; € G1. Moreover,
the functor Homgg, (M, —): KG1-mod — K Gy-mod is right adjoint to the
functor M ® —: KGo-mod — KG1-mod (where A-mod denotes the category
of left modules of an algebra .A); that is, there are isomorphisms of abelian

groups
HOIHKG1 (M RKGs U, V) = HOIHKGQ(U, HOHlKG1 (M, V))

which are natural in V' and U.

In our setting the bimodule we use is the (KGL,(K), K S,)-bimodule
E®" the rth tensor power of the natural representation of GL,(K). The
left GL,, (K)-action is the usual diagonal action on tensor products of rep-
resentations of groups. The right S,.-action is the place permutation action
which permutes the tensor factors: given X;, ® ---® X; € E®" and o € S,,

we have

Yio—1 ro

When n > r, the element X; ® --- ® X,, € E®" generates E®" as a
KGLy(K)-module (for any field K); write X|,j for this element. Note that

the action of S, on X[,j can be written in terms of the action of GL,(K) via



70 II. POLYNOMIAL REPRESENTATIONS OF MATRIX GROUPS
the subgroup of permutations matrices:
(6.7) X0 = go Xy

for any o € S, (beware this behaviour applies only to the generator X r]> and
in particular not to Xj,) - 7 for 7 € Sy, so there is no expectation for X, - 7o

to be equal to g,g; X|,); rather we have Xj,) - 70 = gro X[;) = 9790 X))

Lemma 6.8. Suppose K is infinite and n > r. Let V be a polynomial
representation of GL,(K) of degree v, and let v € Viar on-ry. Then there

exists a unique GLy,(K)-equivariant map E®" — V sending Xy = v.

PROOF. The element X},; € E®" generates E®" as a KGL,(K)-module,
so the image of X(,) determines a GL,,(K)-equivariant map. Uniqueness is
therefore clear.

For existence, we are required to show that if v € KGL,(K) is such that
X[y = 0, then yv = 0. Suppose v =}, 19" € KGL,(K) is such that
¥X}y) = 0, where L is some finite indexing set, v, € K and gV € GL,(K).
Observe that the coefficient of X;; @ ® X;, in v X[,y is Y 1cp 7[92(31 . gz(f)r
Since this coefficient is zero, we have that ), fylgz-(?l e gﬁ),r = 0 for every
choice of 1 < i1,...,4 < n.

Let d = dimV, write v = v, and extend to a basis {vy,...,vg} of V.
We consider the representing polynomials p(*J) of V with respect to this
basis. Recall we write representing polynomials in the n? variables Tij
corresponding to the (i, j)th coordinate of a matrix. Fixing ¢ € [n], we aim
to show that the polynomials p(»!) (those corresponding to the action on v)
are sums of monomials of the form w;, 1 ---;, ,; by the previous paragraph,
each of these monomials vanishes when applied to -, giving the requirement
that yv = 0. This approach is illustrated in Example 6.9 below.

Given that p(»1) is of degree r, any monomial not of the required form
has some m € [r] which does not appear as the second label in any of its
factors. Thus to prove the lemma it suffices to show, given a set of r variables
{1 j1r- -, xi, j. } such that there exists m € [r] with m & {j1,...,j,}, that
any monomial in these r variables has zero coefficient in p(*!) (when written

with respect to the monomial basis). Let p(»!) be the linear combination
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in p(»1) of the monomials in the 7 variables in consideration; we show that
D) — 0,

Pick elements ay,...,q, € K, and let g be the (singular, having at most
r nonzero entries) matrix defined by

g if (1,7) = (ia, ja) for a € [r],
0 if (Zv]) g{(ilajl)w"a(iﬁj?’)}'

Any monomial including a variable not in our chosen set {z;, j,,..., %, .}

9ij =

vanishes on g, and hence

p(9)in = ﬁ(i’l)(gl,hgl,z, ey Onn)-

Moreover, p(1) can be viewed as a polynomial in just the r chosen variables

Tiyjis- - - Tiyp 4, Suppressing the other variables, we obtain

(681) p(g)z,l :ﬁ(i’l)(ala"waT)'

Let h be the (singular) diagonal matrix h whose diagonal entries are all

1 except for hy,.m = 0. Observe that

(gh)ij; = Z i kP j
k=1

=D a6, ) = (ias ja)]1[j # m]

= Yij
where the last equality holds by the property that m ¢ {ji,...,jr}. Thus
gh =g.

Recall that the action of GL,(K) on V extends to an action of Mat, (K)
(see Remark 5.8). Since v € V{;r gn-ry and h is a diagonal matrix with a 0
in one of the first r diagonal entries, we have hv = 0. Thus gv = ghv = 0,
and hence p(g);1 = 0. By (6.8.1), this says p(»Y(aq, ..., a,) = 0. Since this

holds for any choice of a, ..., a, € K, we have p(-Y) = 0 as required. O

Example 6.9. Suppose n = r = 2, and let V = Symy E, a polynomial
representation of GLg(K) of degree 2. Write {X, Y} for the canonical basis
of £, so X;) = X ®Y. The weight space (Sym, E);2) is spanned by
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the element X ® Y +Y ® X. We verify that the K-linear map sending
X®Y - X®Y +Y ®X is well-defined by considering the representing
polynomials, as in the proof of Lemma 6.8.

Extending the basis of the weight space, let {X @Y +Y X, X® X, Y ®
Y} be our basis of Symy E. We can explicitly compute the representing

polynomials with respect to this basis:

T1,1T22 + T12%T21 T11T21 X12T22
T11 X1,2 9 9
pSym2E< ) = 2711712 i1 79
T2l X292 9 9
222171,2 Ta1 L322

The polynomials in the first column (those representing the action on X ®
Y +Y ® X) are linear combinations of monomials of the form w;, 124, 2 for
some i1, 19. To illustrate how this fact was proved in Lemma 6.8, suppose, for
example, that the monomial x1 1221 occurred in the first column. Then given
a1, a9 € K* the matrix (g; 8) would have nonzero actionon X ®Y +Y ® X,
contradicting that X ® Y +Y ® X lies in the (12)-weight space.

In order for the map X®Y — X QY +Y ®X to be well-defined, we require
that if v € KGLy(K) is such that y(X®Y) =0, then (XY +Y ® X) = 0.

For concreteness, consider the element

<1 1) <0 1) (1 0> <1 1)
0 1 11 11 10

The coefficient of, for example, X ® X in v(X ®Y) is given by evaluating the
monomial z1,1212 on : the coefficient is 1 +0+0 — 1 = 0, as this monomial
vanishes on . Moreover, v(X ® Y) = 0, precisely because every monomial
of the form x;, 12;, 2 vanishes on . Since the polynomials representing the
actionon X ® Y +Y ® X are linear combinations of monomials of this form,

we have y(X ® Y +Y ® X) = 0 as required.

Proposition 6.10. Suppose K is infinite and n > r. There is an isomor-

phism of functors
F(—) = Homgqr,, (r) (B, —)

on the category of polynomial representations of KGL,,(K) of degree r.
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PrOOF. Given a KGLy(K)-module V' and an element v € Viyr gn-—ry, let
nv(v): E®" — V be the unique GL,,(K)-equivariant map sending X, ~—
v, whose existence is verified in Lemma 6.8. This makes ny: F(V) —
Hompgqr,,( K)(E®”, V) a K-linear map. This map is clearly injective; it is
surjective because given any GL,, (K )-equivariant map x: E®" — V, diagonal
matrices act on the element X (X(,]) as they do on X, so x (X)) € Viir gn—r)
and x = nv (x(X}))-

We claim that the map 7y respects the action of S,. We have

TIV(O'U)(X[T]) =0V = go¥

by the definition of the action of S, on the weight space F(V'). Meanwhile

by definition of the action of S, on the hom space, we have

(onv(V)( X)) = v ()X - 0) = nv(v)(ge X)) = gov

as required.
It remains only to observe that the following diagram commutes, where

V, V" are KGL,(K)-modules and ¢: V' — V' is a GL,,(K)-equivariant map.

) —s Homr,, (k) (E®", V)

F(V
Jf(eo) o
./—'.(V/) L) HOHIKGLR(K)(E@T,V/)

Indeed the image of an element v € F(V') under either composition in the

diagram is the map sending X,j — ¢(v). O

Remark 6.11. Proposition 6.10 claims an isomorphism between functors
on the category of polynomial representations of degree r. As observed below
Definition 6.5, the definition of F extends to all polynomial representations,
but F vanishes on polynomial representations of degree r’ # r. Likewise
the functor Hompgqr,,( K)(E®’”, —) vanishes on polynomial representations of
degree v’ # r: the module E®" is polynomial of degree 7, so if there exists
a nonzero GL, (K)-equivariant map f: E®" — V| then im f < V is also

polynomial of degree r.
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Definition 6.12 (Left-adjoint inverse Schur functor). The left-adjoint in-
verse Schur functor Gg, is the functor from the category of left K S,-modules

to the category of left KGL,,(K)-modules defined by
G5(—) = E¥" @ks, —
We suppress the dependence of GF on n except where there is need to

emphasise it. Note that K infinite and n > r are not required here.

The functor Gg is left-adjoint to F by the tensor-hom adjunction. We
see next that the functor Gg is right-inverse to F (though it is not in general

a left-inverse).

Proposition 6.13. Suppose K is infinite. The image Gg(U) of a KS,-

module U is polynomial of degree r.

Proor. Let U be a K.S, module, suppose d = dim U, and choose a basis

ui,...,uq of U. Define a map by
(E®")®! = Gg (U)
(xl,...,a:d)|—>x1®u1+...+xd®ud

for x; € E®". This is a surjective map of KGL, (K )-modules, so Gg(U)
is a quotient of (E®")®?. Since (E®")®? is polynomial of degree r (by
Proposition 5.6(ii),(iii)), so too is Gg(U) (by Proposition 5.6(1)). O

Proposition 6.14 (cf. [EGS08, (6.2d)]). Suppose K is infinite and n > r.
The functor Gg is right-inverse to the functor F (that is, there is a natural

isomorphism FGg = id of functors on the category of K S,-modules).

PROOF. Let ey: U — FGg(U) be the map defined by
EU: U — (E®T ®KS,,. U)(l'r,onf'r)
U X[T] R u

for u € U. Indeed the image lies in the required weight space because
Xpy) € (E®")(1r gn-r), and a matrix which acts like a scalar on X[,) has the

same action on X}, ® u. It is clear that ey is K-linear and S,-equivariant.
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To see that ey is injective, consider the S,-balanced K-bilinear form

defined by K-linear extension of

E®" xU > U

ou if (i1,...,4.) =(1,...,7r) -0,
(X3, @@ X;,,u) —
0  otherwise.
Since this form is nonzero on (X, u) for u # 0, the universal property of
the tensor product requires that X{,; ® u # 0 for u # 0.

We next show that ey is also surjective. Let v € (E®" ®kg, U)ar on—rys
and we are required to show that v can be written in the form X,; ® u for
some u € U. Using the action of S, to order the left-hand tensor factors,
Xi, @ ®X;, @uyy,.. 4, for
some elements wu;, . ;. € U. We claim that the only nonzero summand is

Xip) @ ua,.. -

it is clear that we can write v =1, ¢ < <,
X AR N

We first use the universal property of the tensor product to show that
the nonzero summands of v are K-linearly independent. For each tuple
(1,...,4,) such that X;, ® --- ® X;, ® u;, .3, # 0, there exists some abelian
group A and some S,-balanced K-bilinear form (—,—): E®" x U — A such
that (X;, ® ---® X, ui, . i,) # 0; define a new S,-balanced K-bilinear form
(—, =) E®" x U — A by

<X7,1®®leu> if{ilw"vi?"}:{jla"'7j7"}7
0 otherwise,

extended K-linearly. By evaluating the induced map E®" ®@gg, U — A
of abelian groups on any linear combination of the nonzero summands
of v, we see that the linear combination is zero only if the coefficient of
Xi, ® - ®X;, ®ugy .., is zero.

To recognise the nonzero summands of v we consider the action of diagonal
matrices. Pick m € [r] and o € K with a ¢ {0,1}, and let g € GL,(K) be

the diagonal matrix with g, ,», = @ and g;; = 1 for all other 7 € [n]. Then

qu = Z ol {a€lr] |ia:m}|)(i1 ® @ Xy, @ Uiy -

1< <. <ir$n
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Since v is in the (17,0""")-weight space, we have also gv = av. Thus by
K-linear independence of the summands, we have that if X;, ® ---® X;, ®
Uiy ,..ip 7 0 then a = alta€lllia=m} 4nd hence Haelr] | ia=m} > 1.
Since this holds for all m € [r], we have that the only nonzero summand of v
is X[T] ® u1,..r, as required.

Finally we need only observe that the following diagram commutes, where

U,U’" are KS,-modules and ¢: U — U’ is a S,-equivariant map.

U —Y FGg(U)

l¢ [iae

U FGa(U)

Indeed the image of an element u € U under either composition in the

diagram is the element X[, ® ¥ (u). O

Remark 6.15. By Proposition 6.10, the functor Gg is, of course, also
right-inverse to the functor Homgqr,, (k) (E®",—). Provided n > r, this
isomorphism of functors can in fact be shown for any field K # Fo, not
necessarily infinite (whereas the definition of F requires K to be infinite).

The natural isomorphism of KS,.-modules
U= HomKGLn(K) (E®r, E®r ®KST U)

is given by sending an element u € U to the map — ® u (that is, the map
determined by X, — X[ ® u). This is easily shown to be S,-equivariant by
writing the action of S, in terms of permutation matrices in GL,,(K). The
proofs of injectivity and surjectivity require essentially the same arguments
as the proof of Proposition 6.14.

The assumption that K # s is essential here, because otherwise the only
diagonal matrix is the identity matrix and hence maps which do not preserve
powers of the X; are permitted. For example, take n = r = 2 and U the
trivial representation of Sy. Then Gg(U) = E¥? ®kg, U = Sym? E, and so
the image of the composition of our functors is Hom gy, ( K)(E®2, Sym? E).
We claim that that this module is 2-dimensional when K = Fj, and in

particular not isomorphic to the 1-dimensional module U. Indeed, writing
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X = X and Y = Xo, consider the linear map defined by

E®? & Sym* E
X®X— X?
XY~ X24+Y?
Y@X— X24+Y?

Y QY — Y?

extended linearly. This map is easily verified to be GLgy(F2)-equivariant,
and is not a scalar multiple of the canonical quotient map (and all GLa(F2)-

equivariant maps are linear combinations of these two maps).

6.3. Duality and the right-adjoint inverse Schur functor

The functor F also has a right-adjoint right-inverse. Once again the
adjunction is a case of the tensor-hom adjunction, this time with F playing
the role of the tensor product. However, we deduce the adjunction by
considering the interaction between duality and the functors F and Gg; we
show that a certain hom-functor is right-adjoint to F, and deduce by the
uniqueness of adjunctions that F is isomorphic to a tensor product.

We first define the functor which we later show is right-adjoint and right-
inverse to F. To define this functor requires viewing the (KGL,(K), K S,)-
bimodule E®" instead as a (K S, KGL, (K ))-bimodule. We write E" for the
right natural representation of GL, (K), with left S,-action given by place
permutation, both denoted ¢. Given x € E, we denote the corresponding

element of E' by zT; the right GL,,(K)-action on the natural basis is

n
.
Xl og=Y g;X] = (9" Xi)
j=1

where g € GL,,(K). The left S,-action is

UQ(X;;(@...@X;):X;L@...@XT = (X5, ® X)) -0 T

lro
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where o € S,.. The S,-action on the generator X [I | can be written in terms

of the permutation matrices:
UOX[TT} = X[Tr] ¢ Go = (QIX[T})T'

Definition 6.16 (Right-adjoint inverse Schur functor). The right-adjoint
inverse Schur functor Gi . is the functor from the category of left K.S,-

modules to the category of left K GL, (K )-modules defined by
Gliom(—) = Homps, (ET)®", -).

We suppress the dependence of Gj  on n except where there is need to

emphasise it. Note that K infinite and n > r are not required here.

Proposition 6.17 (cf. [CHN10, §2.2]).
(i) There is a natural isomorphism of functors Gg(—)° = GHom(—").

(ii) Suppose K is infinite and n = r. Then there is a natural isomorphism
of functors F(—°) = F(—)*.

ProOF. [(i)] Given a KS,-module U, by the tensor-hom adjunction there

is a natural isomorphism of abelian groups
Homg (E®" ®ks, U, K) = Homgs, (ET)®", Homg (U, K))
I I
G(U)° Grom (U™)

which sends a map ¢ € Homg (E®" ®kg, U, K) to the map sending A=
(ET)®" to p(z ® —). We claim that this is also GL,, (K )-equivariant. Indeed,
acting by an element g € GL,,(K) before or after applying the adjunction to
a map ¢ yields the map sending " € (ET)®" to the map ¢((g'z) ® —).

[(ii)] Given a KGL,(K)-module V, note that as K-vector spaces we
have F(V°) C Homg (V, K) and that F(V)* = Homg (V(ir gn-r), K). Let
Ov: F(V°) = F(V)* be the restriction map (sending a function f € F(V°)
to the function f|‘/(1'r70nfr>)' This is clearly K-linear and natural in V.

A permutation o € S, acts on a function f € F(V°) by multiplication
by the permutation matrix g,, which by definition of the contravariant dual

is given by precomposing with the transpose matrix:

(0 f)(v) = (9of)v = f(ggv).
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Meanwhile o acts on the function 6y (f) € F(V)* by precomposing with
the inverse permutation, which acts by multiplication by the corresponding

permutation matrix:

(a0v () () = v (f) (o™ v) = 0v(£)(g5 ')

The transpose of a permutation matrix is its inverse, so 6y is Sy-equivariant.

To see that Oy is bijective, choose a basis vy, ..., v, for V(ir gn-r), extend
to a basis v1,...,vg for V, and let v7,...,v) denote the dual basis. With
respect to these bases, a diagonal matrix acts on V° exactly as it does on V,
and so vy, ..., v; is a basis for (V°)(1r gn-ry. It is then clear that 0y is both

injective and surjective. ]

This is sufficient to deduce that Gy is right-inverse to F.

Proposition 6.18. Suppose K is infinite.
(i) The image Grom(U) of a K S,-module U is polynomial of degree r.
(ii) Suppose n = r. The functor Guom is right-inverse to F (that is, there

1 a natural isomorphism FGuom =2 id of functors on the category of

K S,-modules).

PRrROOF. By Proposition 6.17(i), we have Grom(U) = Gg(U™*)°; the mod-
ule Gg(U™) is polynomial of degree r by Proposition 6.13, and hence so is its
contravariant dual by Proposition 5.6(iv). This proves (i). Part (ii) follows
from Gg being right-inverse to F (Proposition 6.14) and using both parts of
Proposition 6.17. O

We next show that G, is right-adjoint to F. We require the following

lemma.

Lemma 6.19. Let G be a group and let U,V be KG-modules. There is a

natural isomorphisms of abelian groups
Hompq(V,U) = Homgqg(U*, V™).

If G is a matriz group closed under transposition, the same map defines a nat-

*

ural isomorphism when the dual —* is replaced by the contravariant dual —°.
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ProoFr. Choose bases uq,...,u. and v1,...,vg for U and V, and let
uy,...,u; and vy,...,v; denote the dual bases for U* and V* respectively.
Let R be the d x ¢ matrix representing a G-equivariant map U — V with
respect to the given bases. We claim that the map U* — V* represented by
the transpose R' with respect to the given bases is G-equivariant. Indeed,
we have by assumption that Rpy(g) = pv(g)R for all elements g € G} taking
transposes and inverting g, we have py(¢g~')TRT = RTpy(¢g~H)T for all
g € G. Since py+(g) = pr(g~") " and likewise for V, this is the requirement
that the map represented by R' is G-equivariant.

Matrix transposition thus yields the required isomorphism of abelian
groups, and naturality is easily verified. When G is a matrix group, the same

1

argument with ¢' occurring in place of g~! establishes the statement for

contravariant duals. O

Proposition 6.20. Suppose K is infinite and n > r.
(i) The functor Grom is right-adjoint to F.

(ii) There is a natural isomorphism of functors
F(=) =2 (EN® @KL, ) —

PrOOF. The functor Gron, is right-adjoint to (ET)®" QKGL,(K) — DY
the tensor-hom adjunction, so part (ii) follows from (i) by uniqueness of
adjunctions.

For part (i), let U be a KS,-module and let V be a KGL,,(K)-module.
Consider the following chain of natural isomorphisms of abelian groups:

Hompgqr,, (k) (V; Gtom(U))
= Hompgqr, (k) (VG (U")°)
= Homgar, () (Ge(U), V°)

(by Proposition 6.17(i))

(
= Homgs, (U™, F(V?)) (as Gg is left-adjoint to F)

(

(

by Lemma 6.19)
= Hompgs, (U*, F(V)¥) by Proposition 6.17(ii))
~ Hompgg, (F(V),U) by Lemma 6.19).

This is precisely the requirement that Giop, is right-adjoint to F. O
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Finally in this section we record exactness properties of the Schur functor

and its inverses.

Proposition 6.21. The functor Gg is right exact and the functor Guom 1S
left exact. The functor F is exact (when K is infinite and n > r).

PROOF. These are general properties of tensor and hom functors (or
more generally of adjoints), using Proposition 6.10 and Proposition 6.20(ii)
to view F as tensor functor and a hom functor (that is, both a left- and

right-adjoint). 0

Remark 6.22. The Schur functor is usually described in the language
of the Schur algebra S, where the definition as a weight space is easily
seen to be equivalent to multiplication by a certain idempotent. Call this
idempotent e. Verifying that the Schur functor is isomorphic to a tensor
product and to a hom space is straightforward using this characterisation: the
roles of E®" and (ET)®" are replaced by Se and eS, and the isomorphisms
Homg(Se, —) 2 e(—) = eS®g — are clear. The tensor-hom adjunction yields
the left-adjoint inverse Se®,s. — and the right-adjoint inverse Hom,g,(eS, —).

Our treatment, aside from bypassing the need to construct the Schur
algebra, gives constructions of the inverse Schur functors which are valid for
any field K and any choice of parameters n and r. It gives two candidates for
such a construction of the Schur functor itself: Homgqr,,( K)(E®T, —) and
(EN*® KGL, (k) — The results of this chapter show that these two functors
are isomorphic to each other and to F when K is infinite and n > r; they
are dual to each other, analogously to Giom and Gg in Proposition 6.17(i);
and each is left-inverse to its adjoint inverse Schur functor provided K # Fy
and n > r (see Remark 6.15). It would be interesting to identify whether

these functors are isomorphic in all cases.
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7. Dimension reduction functor

In this section we consider connections between polynomial represen-
tations of GL,(K) for different values of n, when K is infinite. We use a
functor which was defined in the context of the Schur algebra by Green
[EGS08, Section 6.5]; here we simply multiply by the appropriate idempotent
in Mat,, (K).

Recall that the algebra Mat, (K) of all n x n matrices with entries in K
acts on any polynomial representation of GL,,(K) by extending the domain
of the defining polynomials (see Remark 5.8).

Let n’ < n, and let € = (18’ 8) € Mat,, (K), a block matrix, where I,/ is
the n’ x n’ identity matrix. Note that  is an idempotent in Mat,,(K) and
that the subalgebra e KGL,, (K)e is isomorphic to KGL,/(K). Given V a
polynomial representation of GL,(K), the image €V of V under the action
of € is a polynomial representation of GL,(K) with the same representing

polynomials (with the variables with labels greater than n’ set to 0).

Definition 7.1 (Dimension reduction functor). The dimension reduction
functor from n to n’ is the functor (—) from the category of polynomial
representations of GL, (K) of degree r to the category of polynomial repre-

sentations of GL,/(K) of degree r defined by left multiplication by e.

Proposition 7.2.
(i) The dimension reduction functor e(—) is exact.
(i) For any KGL,(K)-module V, we have eVN(V) = VX eV).
(iii) For any K S,-module U, we have G (U) = G2 (U).

PROOF. Part (i) is a property of any functor defined by multiplication by
an idempotent (see [EGS08, (6.2a)]). Part (ii) is clear from the construction
of V*; the case of V = F is noted in [EGS08, Remark following (6.5f)]. For
part (iii), let E' denote the natural KGL, (K )-module, and observe that
eE = F’ and that furthermore (E®") 2 (E')®"; the claim then follows by
the definition of Gg. O
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This proposition tells us that, informally, the structure of G%(U) for a
K S,-module U is independent of n. More precisely, we have the following

corollary.

Corollary 7.3. Suppose K is infinite. Let U be a K S,-module, and suppose
po= (u(l),...,,u(l)) is the sequence of labels for the simple modules in a
composition series for G&(U) for some fized n > r. Then p is also the
sequence of labels for the simple modules in a composition series for QQ%,(U)

for any n' (after excluding the labels for zero modules).



CHAPTER III

Modular plethystic isomorphisms

In this chapter, we establish or rule out the existence of several plethystic
isomorphisms — isomorphisms between modules of the form VAVAE and
those with a A in place of a V — over the two-by-two general linear group
GL2(K) where K is an arbitrary field. We give explicit maps in the case of
existence; these results generalise classical results, but require dualities that
were not present in characteristic 0.

The results of this chapter are taken from the author’s joint work with
Mark Wildon, [McDW22]; in the case of the Wronskian isomorphism we
prove a more general result (see below).

Each of the four sections in this chapter is dedicated to one of the four
plethystic (non-)isomorphisms described below. The first two sections are
logically independent; the latter two make use of the results of the previous

sections.

Complementary partition isomorphism. King [Kin85, §4.2] used the character
theory of SUjy to prove that, if A° is the complement of the partition A in a

rectangle with [ + 1 rows, then
VA Sym! F =~ VY Sym' F

where E is the natural representation of the special linear group SLs(C).
In §8 we generalise this to the modular case, and furthermore to arbitrary

groups, obtaining the following theorem.

Theorem A (Complementary partition isomorphism). Let G be a group,
and let V' be a d-dimensional representation of G. Let ¢ € N, and let A be a
partition with 0 < A < ¢ and 0 < )\’1 < d. Let \° denote the box-complement

of X in the d x c rectangle. Then there is an isomorphism

VAV = VNV @ (det V)®°

84
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where det V = A\ V.

Our map is explicit, sending a polytabloid e(t) of a tableau ¢ to (plus
or minus) the polytabloid e(¢°) of the ‘complementary’ tableau ¢° (see Def-
inition 8.5 for the precise definition including the sign, and an illustrative
example after it).

Two interesting special cases of this theorem are that /\l V= /\d_l Vv
and V(bd—1.1)y/ o g(dd=1..)}* whenever det V is trivial — an assumption
which holds, for instance, when V is obtained by restricting a polynomial
representation of GL2(K) to a subgroup of SLa(K'). Thus we obtain (Corol-
lary 8.3) an explicit isomorphism A’ Sym“™ 1 E =~ A™ Sym, tm_1E, where
E is the natural representation of SLy(K). More generally, we obtain as a
corollary of Theorem A the following modular version of King’s plethystic

isomorphism.

Corollary B. Let l,c € Ny, and let \ be a partition with N} <1+ 1 and
A1 < c. Let \° denote the complement of \ in the (I + 1) X ¢ rectangle. Let
E be the natural 2-dimensional representation of SLo(K). Then there is an

1somorphism

VA Sym! E = VA Sym, E.

Wronskian isomorphism. The Wronskian isomorphism is the classical result
Sym™ Sym' E = A" Sym!T" ' E

for m, | € N, where E is the natural representation of SLy(C) (see for instance
[ACO07, §2.5]). Our explicit modular version is as follows, where {X,Y} is

the canonical basis for the natural representation E of GLa(K).

Theorem C (Characteristic-free Wronskian isomorphism). Let m, [ € N.
Let K be a field and let E be the natural 2-dimensional representation of
GLo(K). There is an isomorphism of GLa(K)-representations

Sym,,, Sym'E © (det E)Smm=1/2 o« Am gupl+m=1



86 III. MODULAR PLETHYSTIC ISOMORPHISMS

given by restriction of the K-linear map (Sym' E)®™ — A™Sym!*™™ ' E
defined on the canonical basis of (Sym' E)®™ by

m m
®X¢jYZ—ij s /\ xitm—jyl—iti—1
j=1 j=1
Recently, [AFP119, §3.4] also proved a modular version of this isomor-
phism, namely Sym™ Sym,; E = /\l Sym!*™ =1 E where F is the natural rep-
resentation of SLo(K). This isomorphism is equivalent to the existence of the
isomorphism in Theorem C: using Corollary 8.3 (stated also in [AFPT19)]),
their codomain A'Sym!*™! E is isomorphic to A™(Sym‘*™ ! E)* and
hence by Proposition 3.3 to (A™ Sym*™~! E)*, the dual of our right-hand
side; meanwhile by the duality of symmetric powers and Proposition 3.2,
their domain Sym™ Sym, F is isomorphic to (Sym,, Sym! E)*, the dual of our
left-hand side. The isomorphism in [AFP*19] is constructed indirectly using
maps into, and out of, the ring of symmetric functions; the proof that it is
SLa(K)-invariant requires Pieri’s rule and a somewhat intricate inductive
argument. By contrast our isomorphism has a simple one-line definition.
We in fact prove a result which is more general than that of [AFP*19)
and [McDW22], using different methods. We show that there is an injective
map
Sym,. Sym' E ® (det E)™™/™ < AT Sym'*t™ E

where m = (mtzfl) and F is the natural representation of the n x n general
linear group GL,(K) (and that when n = 2 the map is a bijection, and is

the map described in Theorem C). We prove this in §9.

Hermite reciprocity. Known also as the Cayley—Sylvester formula, Hermite
reciprocity was discovered by the eponymous mathematicians in the setting

of invariant theory. In our language it states that
Sym™ Sym' F = Sym' Sym™ E

for all m, [ € N, where F is the natural 2-dimensional representation of the

general linear group GLy(C) ([FH04, Exercise 6.18]). Our modular version,
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which we obtain in §10 by composing our Wronskian isomorphism with a
special case (Corollary 8.3) of the complementary partition isomorphism, is

as follows.

Theorem D (Characteristic-free Hermite reciprocity). Let m,l € N and let

E be the natural 2-dimensional representation of GLa(K). Then
Sym,, Sym! E 2 Sym' Sym,,, E.

This result is obtained, without an explicit description of the maps,
in a similar manner in [AFPT19, Remark 3.2]. We illustrate our explicit
composition in Example 10.1.

It is well known (as described in §3.2) that when K has characteristic p
and m < p—1, the functors Sym,, and Sym™ are naturally isomorphic. Thus
Theorem D implies that Sym™ Sym! E = Sym! Sym™ F when m < p — 1.
This special case of the corollary was first proved by Kouwenhoven [Kou90b,
pp. 1699-1700], where it is also shown that Sym?” Sym! E % Sym! Sym? E if
p <l <p(p—1). In Proposition 11.14 we give infinitely many examples of
such non-isomorphisms, considering different combinations of duality, thus
demonstrating that Theorem D is the unique modular generalisation of

Hermite reciprocity.

Conjugate hook partition isomorphism. Another classical result, due to King
[Kin85, §4] (reproved as the main theorem in [CP16], and proved in a stronger
version in [PW21, Theorem 1.3]) states that under certain conditions on the

partition A, there is an isomorphism
A N — ~ N A1—1
VA Sym™ M~ B~ vA Sym™tAl B

where F is the natural representation of SLy(C) and m € Ny. Hook partitions

satisfy the conditions, and so we have

v(a+171b) Symm+b E = v(b-l—l,la) Symm+a E



88 III. MODULAR PLETHYSTIC ISOMORPHISMS

for all a,b, m € Ny. By the final theorem of this chapter, proved using the
new modular invariant introduced in Definition 11.3, this isomorphism has,

in general, no modular analogue, even after considering all possible dualities.

Theorem E (Obstructions to the conjugate hook partition isomorphism).
Let o, B, ¢ € N with « < 8 < e. If K has characteristic p and |K| >
1+2(p° +p°)(p*+p° +1) — p*(p* + 1), then the eight representations of
SLo(K) obtained from A +1177) Sym? *° E by any combination of

e replacing A with V,

e replacing Sym™ with Sym_,

e swapping o and (3,

are pairwise non-isomorphic.
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8. Complementary partition isomorphism

This section proves the following theorem and its corollaries.

Theorem A (Complementary partition isomorphism). Let G be a group,
and let V' be a d-dimensional representation of G. Let ¢ € N, and let A be a
partition with 0 < A < ¢ and 0 < )\’1 < d. Let \° denote the box-complement

of X in the d x c rectangle. Then there is an isomorphism
VAV 2 VMV ® (det V)®°
where det V = A\ V.

We adopt the notation of this theorem throughout. Additionally, write
A% for (A\°)’, and let B = {v1,...,v4} be an ordered K-basis for V and let
B* = {v},...,v;} be the (ordered) dual basis for V*.

Our strategy is to define a G-equivariant map /\)‘, V — /\AO/ V*®
(det V)®¢ and show that its image on GR*(V') is contained in GR* (V*) ®
(det V)®¢. The map will therefore descend to a G-equivariant map VAV —
VA V* @ (det V)®€, which is bijective by counting dimensions.

8.1. Map between exterior powers

We begin by constructing a K-linear isomorphism /\l V- /\dil V> for
0 <1 < d; we extend this to a K-linear isomorphism /\’\, V- /\AO/ V*in
§8.2. We show that, accounting for powers of determinants, theses maps are
also K G-equivariant.

Let IT C Sy be the set of permutations of [d] which preserve the relative
orders within each subset {1,...,{} and {l +1,...,d}; that is, 0 € IT if and
only if 1o < ... <lo and (I + 1)0 < ... < do. Then we can write the
standard basis of A'V as {vig A--- Av | 0 €11},

Definition 8.1. Let ¢o: A'V — A% V* be the K-linear bijection defined
by

Y(vie A+ Avig) = 580(0) Vijpq)p A+ A Vo
for each o € II (and hence any o € S;). Furthermore, let v: /\lV —
A V* @ det V be the K-linear bijection defined by ¢(z) = ¢(x) ® 1.
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Let { (vi, A---Avg,)* | 1<ip <...<i;<d} be the basis of (A V)*
dual to the basis {v;, A--- Av;, | 1<iy<...<ip<d}for N'V.

Proposition 8.2. The map 1 is G-equivariant.

PROOF. Let € = (v1 A -+ Avg)* be the unique element of the canonical
basis of (A% V)*. Our strategy is to show that ¢ is the image of ¢ under a
sequence of G-equivariant maps. Assuming this is done, since (/\d V)* =
(det V)1, for each g € G and € A'V we have (g-¢)(z) = (det g~ 1)ib(x),
as required.

In the following steps we apply to € the comultiplication map ( /\d V) —
(A'V © A" V)* with respect to the standard bases introduced above;
compose with the standard isomorphism (U ® W)* = U* @ W*; and then
apply the isomorphism (A" V)* =2 A" V* from Proposition 3.3 on the right-

hand factor:

€ Z sgn(o)(vie A+ AVie @ Vg1ye A A Vdg)”

o€ll

— Z sgn(o)(vie A+ Avie)” @ (Vig1ye A A Vdo)”
o€ll

= Z Sgﬂ(O’)(UlU ARERNA vlcr)* ® ,Uzkl—&-l)a ARRERA ,U;kla'
oell

Finally we apply the standard isomorphism U* ® W = Hompg (U, W) to

obtain the K-linear isomorphism
Vig A -+ Avig = 5g0(0) V1), A+ A g,
which is precisely the map . ([

An alternative proof of Proposition 8.2 is possible; see Remark 8.4 below.
Proposition 8.2 establishes the case of Theorem A when ¢ = 1 and A
is a column. From this, we can already obtain the following plethystic

isomorphism for GLa(K).

Corollary 8.3. Let I,m € N. Let E denote the natural 2-dimensional
representation of GLa(K). Then

/\l Syml+m—1 B~ /\m Syml+m71 E® (det E)@%(H—m—l)(l—m)'
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PROOF. It suffices to show that A’ Sym"*™ ' E =~ A™ Symy,,, 1 E as
representations of SLo(K) (by Proposition 5.10). Indeed, suppose G =
SLy(K), d =1l +m and V = Sym'* ! E. By Proposition 8.2, ¢ is an
isomorphism A'V = A™V*. But V* = Symy,,_1 E by Propositions 3.2
and 3.7 (and the observation that £ = E°). O

Remark 8.4. We discuss, with a connection to combinatorics, an alternative
proof that the map 1 is G-equivariant (as seen in Proposition 8.2). The
matrices by which an element g € G acts on /\l V and /\d_l V* can be com-
puted directly; their entries are minors of the matrices py(g) and py(¢~1) .
Recall a minor of a matrix is a determinant of a submatrix: given a d x d
matrix M and subsets A, B C [d], let M[A, B] be the submatrix obtained
by retaining only the rows and columns indexed by elements of A and B
respectively; the corresponding minor of M is det(M[A, B)).

Our basis for A\'V is labelled by I-subsets of [d]; when g acts on the

basis element labelled by an [-subset A, the coefficient of the basis element

labelled by the l-subset B is the minor

pary(9)a,B = det(py(g)[A, B]).

Our basis for A%~ V* is likewise labelled by (d — [)-subsets of [d], which are
in correspondence with the [-subsets via complementation —€ in [d]. When g
acts on the basis element labelled by the complement A€ of an [-subset A,
the coefficient of the basis element labelled by the complement B¢ of the

[-subset B is the minor

ppa-iy.(9)ae,pe = det(py (g~ 1) T[AS, BY)).

We require that these matrices pai(,(9) and ppa-1y,..(g) are equal, up to a
factor of the determinant of py(g) and the sign in the map ¢. Indeed this is
the case by Jacobi’s complementary minor formula [CSS13, Lemma A.1(e),
p. 96], which states that for any d x d matrix M and any subsets A, B C [d],
there is equality

det(M[A, B]) = (—1)™*>B det(M) det (M ~T[A°, B])

where YA, 3B denote the sums of the entries of A and B.
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This approach is of particular interest in the case G = GLy(K) and
V = Sym?~! F of Corollary 8.3. When g is an elementary transvection (that
is, has 1s on the diagonal and a unique nonzero off-diagonal entry), the
entries of py(g) are binomial coefficients (corresponding to the choice of
factors in which the off-diagonal entry is taken when expanding the product),

and the required equality between minors (that is, between the entries of

patv(9) and ppa-iy.(9)) is

/
((2)), 0 =2 ()
@/ ) acAbeB b a’ A< b/ € B¢

for subsets A, B C [d — 1]p. This identity, as well as being a consequence of
Jacobi’s formula, was proven combinatorially by Gessel and Viennot [GV85,
Proposition 7] using a lattice path counting argument now known as the
Lindstrom—Gessel-Viennot lemma (see [BC05] for an illuminating account
of this lemma).

Motivated by the occurrence of these determinants in the action of
GL2(K) on symmetric powers, in [McD23] the author lifted the binomial
identity above to ¢-binomials and to symmetric polynomials, and generalised
further by allowing the number of indeterminates to vary, obtaining a duality
theorem for flagged Schur polynomials. The proof again uses the Lindstréom—
Gessel-Viennot lemma; the author shows that Jacobi’s complementary minor

formula is insufficient to prove the full generalisation.

8.2. Map between partition-labelled exterior powers

We use the map 1: A'V — AL V* of §8.1 to define a map /\’\/ V —
/\)‘O/ V* by applying ¥ to each tensor factor. We describe this map explicitly
using column tabloids (see §1.5). The group action on the basis vectors will
not be needed for the rest of this section, and so for convenience we will view
B =B*=[d].

Define a bijection CSYTg(A) — CSYT|4(\°) as follows. For each
1< j<s,let j°=c+1—j and observe that column j° of A\° has length
d — X; (where we set \; = 0 if j exceeds the greatest part of A). Given
a column standard tableau t € CSYT4()), let t° € CSYT4()\°) be the
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column standard tableau whose entries in column j° are the the complement
in [d] of the entries of ¢t in column j. Note that the assumption that ¢ is
column standard is essential so that ¢° has d — X, specified entries in column
A1+1—1.

Define the surplus of t to be S(t) = >
S(t) = X pepn 1) — Z;’\il iAi-

i yep (@, 4) — @), or equivalently

Definition 8.5. Let U: /\’\l V- /\)‘O/ V* be the K-linear bijection defined
by

U(|t) = (=1)%@}e|

for t € CSYT(q(A). Furthermore, let W: AV = AN VF® (det V) be the
K-linear bijection defined by ¥(z) = ¥(z) ® 1.

For example, suppose d = 3, ¢ =4 and A = (3,1) with Young diagram

|
L) Then a° = (4,3,1) with Young diagram It = ; 1|2[, then

S(t)=04+04+414+0=6—-5=1and

i

(where, as we are viewing B = B* = [d], the element ¢ corresponds to the ith

2
3

3]
1

2

1|1
1‘2)2— 23

basis vector of V' or V* as appropriate).

We claim that applying the appropriate v to the ith tensor factor of |¢|
yields the (A; + 1 — )th tensor factor of (—1)3®)|¢°|, and hence by Propo-
sition 8.2 applied to each column in the d X ¢ rectangle in turn, that the
map ¥ is a K G-isomorphism. The only difficulty is verifying that the sign
arising from the maps on each factor is indeed given by the surplus of the
tableau; this is achieved in the following lemma. Recall that for | € [d], the
set II C Sy is the subset of permutations preserving the relative orders of
{1,...,l}and {{+1,...,d}.

Lemma 8.6. Let 0 € II C Sy. Then sgn(o) = (—=1)%), where s(o) =
L+ 1)+ o
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Proor. We take [ to be fixed and induct on d. If d = [, then ¢ is the
identity permutation and s(o) = 0, establishing the base case.

Suppose d > | and consider the value of do. If do = d, then o can be
viewed as an element of II C S;_; and this does not change the value of s(o),
so the inductive hypothesis gives the claim.

If do < d, let m > 1 be such that do = d — m. Then, by definition
of II, we have that (I — c)o = d — ¢ for each 0 < ¢ < m — 1; that is,
the m largest elements of {1,...,d} appear in the set {lo,...,loc}. Let
7=(d d-1 -+ d=m+1 d—m), an (m + 1)-cycle. Observe that doT = d,
and that o7 preserves the relative orders of {1,...,l} and {I +1,...,d}, so
ot € II. Then viewing o7 as an element of S;_1 as in the previous paragraph,
by the inductive hypothesis we have (—1)%(°7) = sgn(o) sgn(7). But the set
{lo7,...,lot} differs from {lo,...,lc} only by the addition of d —m and
the removal of d, so s(¢) = s(o7) +m, and 7 is an (m + 1)-cycle so has sign
(—=1)™. O

8.3. Column sorting permutations

We need to know how permuting the boxes of a tableau t affects the
image of its column tabloid under ¥. The column sets of the resulting tabloid
are clear, and permuting boxes does not change the value of the surplus S(t),
but each column must be sorted into ascending order before the map ¢ — t°
can be applied, and more work is required to identify the sign which arises.
Recall we view B = B* = [d|, as we are now only interested in the linear
structure of the map.

Fix t € CSYT[g(A) and two columns 1 < j <k < A1 Let j°=c+1—
and k° = c+ 1 — k be the columns in A° complementary to the columns j
and k in A. Given a permutation 7 € Sy, the support of 7, denoted supp 7,
is the set of points which are not fixed by .

Let 7 € Scol; (A Licol,[n] be @ product of disjoint transpositions of the form
(a b) where a € col;[A], b € colg[A], such that the boxes in the support of 7
have distinct entries in ¢. Suppose also that |t - 7| # 0; this precisely says

that, in ¢, no box in column j in the support of 7 has an entry which appears
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in column k, and vice versa. Observe that for each box in the support
of 7, there is exactly one box in coljo[A°] U colge[A°] containing in t° the
same entry: considering, for example, a box a € col;[)] in the support of 7,
the entry t(a) does not appear in column k of ¢ by the above assumptions,
and so appears precisely once in column k° of ¢° (and does not appear in
column j° of t° because it appears in column j of t). For a € col;[A] U colg[A]
in the support of 7, denote this corresponding box (t°)~'¢(a). Then define
T € Scoljo[)\O]UColko (xe] by replacing in every transposition the box a with the
box (t°)~'t(a).

It is clear that (|t - 7|) = £[t° - 7°|: by construction the permutation 7°
swaps a pair of boxes between columns j° and k° if and only if the boxes
containing their entries are swapped between columns j and k& by 7. We
claim that furthermore the correct sign is (—1)5(). To prove this, we require

the following lemma.

Lemma 8.7. Lett € CSYT4()). Let x € col(t) and y € [d] \ col;(t). Let
u be the tableau obtained from t by replacing in column j the entry x with
the entry y, and let u' be the tableau obtained from t° by replacing in column
J° the entry y with the entry x. The unique place permutation in Sjy which
sorts both column j of u and column 7° of u' has sign (—1)‘”3_@/'_1.

Proor. Let Z = {min{z,y} + 1,...,max{z,y} — 1}. Column j of u is
sorted by a cycle of length 1 + |Z N col;(¢)|, while column j° of ' is sorted
by a cycle of length 1+|Z N colje(t°)|. Let o be the product of these disjoint
cycles; this is the unique permutation in Spy) which sorts both u and u’. Then

o has sign (—1)% where
z = |Z Ncolj(t)] + |Z Ncoljo(t°)].

But by the definition of t° we have col;(t) U colje(t°) = [d]. Thus z = |Z| =
|z — y| — 1, as required. O

Observe that in Lemma 8.7 the sign of the column sorting permutation

depends only on the set {z,y}, and not on ¢ (except through the requirement
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that = € col;(t) and y ¢ col;(t), which holds by hypothesis). Generalising,

we obtain the following lemma.

Lemma 8.8. Lett € CSYT(q (). Let {z1,...,2,} C col;(t) and {y1,..., 4}
C [d] \ colj(t). Let u be the tableau obtained from t by replacing in column
j each entry x; with the entry y;, and let u' be the tableau obtained from t°
by replacing in column j° each entry y; with the entry x;. The unique place
permutation in Sjy which sorts both column j of uw and column j° of u’ has

sign depending only on the pairs {z;,y;}, and not on t.
Proor. This follows by repeated application of Lemma 8.7. U

Proposition 8.9. Let t € CSYTq(\). Let 7 € Seop;zjucoly [y be a product
of disjoint transpositions of the form (a b) where a € colj[A], b € colg[A],
such that the boxes in the support of T have distinct entries in t. Suppose

[t-7| #0. Then U(|t-7|) = (—1)S®|t° . 7°|.

PROOF. As has already been recorded, V(|t - 7|) = £|t° - 7°|, or equiva-
lently [d] \ col;(t - 7) = colje (t° - 7°) and [d] \ coly(t - 7) = colg(t° - 7°).

Let m € Scol; (7] ¥ € Seol, N T € Seoljo A1 ¢’ € Scol,0 [A°] be the unique
place permutations which sort, respectively, columns j and k of ¢ - 7 and
columns j° and k° of t°- 7°. By Lemma 8.8, the signs sgn(77’) and sgn(pp’)
depend only on the pairs {t(a), t(b)} where (a b) are the disjoint transpositions
comprising 7, and therefore these signs are equal.

The tableaux t - 7w and t° - 7°7'¢’ are column standard, their column
sets are complementary as noted above, and both have surplus equal to S(t).

Thus we have U(|t - tme|) = (—1)3®|t° . r°7'¢’|, and hence
U(ft - 7]) = sgn(mp)W(|t - Tmo])
= sgn(mp) (~1)Of - o'
= sgn(mp) sgn(r'e) (=1)>V[¢° - 7°|
)

= (150 )

as claimed. O
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8.4. Image of the Garnir relations

We now complete the strategy outlined at the start of this section by
showing that the map U: /\)‘, V- /\X)l V* sends Garnir relations to Garnir
relations (the submodule GR*(V) C /\’\l V of Garnir relations was introduced
in §1.7). We then deduce Theorem A.

The proof of this key proposition is unavoidably somewhat long: after
the setup it is split into three claims. Recall we view B = B* = [d], as we

are now only interested in the linear structure of the map.

Proposition 8.10. The map ¥: /\)‘, V — /\AO/ V* respects Garnir relations,
in the sense that W(GR(V)) € GRY (V*).

PrROOF. Let R, 4 p) be a Garnir relation (as defined in Definition 1.8).
Thus t € CSYTg()), and A C col;[A] and B C colg[\] where 1 < j <k <\
and |A| + |B| > A;. Our aim is to show that W(R(; 4,p)) € GRY (V*). Note
that place permutations do not change the value of S(t), so all signs arising
from application of W in the proof of this lemma will be (—l)s(t).

Recall that, by construction of ¢°, the entries in columns j° =c+1—j
and k° = ¢+ 1 — k of t° are complementary to the entries in columns j
and k of t. By Lemma 1.9, we may assume that the entries of ¢t in ALI B are
distinct.

Let

A° = {b € colge[N°] | t°(b) € t(A) }

B° ={a € coljo[X°] | t°(a) € t(B)}

Dj; = {a € colj[A] | t(a) € coly(t) }

Dy, = {b € colg[\] | t(b) € col;(¢) }.
The sets A° and B° are, respectively, the boxes in columns j° and k° of \°
whose entries in ¢° lie in the boxes A and B in ¢. The sets D; and Dy, are,
respectively, the boxes in columns j and k of A whose entries appear in both

columns j and k of t. Note that t°(A°) C t(A) and t°(B°) C ¢(B), but

equality need not hold because entries which appear in both columns of ¢ do
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not appear in either column of ¢°. Thus t°(A°) omits the entries in Dy and

t°(B°) omits the entries in D; and
(8.10.1) t°(A°%) =t(A\ Dy), t°(B°)=t(B\ D).

Since t and t° are injective on the sets of boxes appearing above, |A°| =
(Al = 1Dy, |B°| = |B| - Dy,

An illustrative example in which /\; =5 A, =4,d=9and t(4) =
{6,8,9}, t(B) = {2,3,5} is shown in the margin, with the sets introduced
above indicated. See also Figure 8.1, which shows all the sets introduced in
the course of the proof.

For each left coset of S4 x Sp in Sa.p, choose a coset representative
which is a product of disjoint transpositions (a b) with a € A, b € B. Let T
be the subset of those representatives 7 such that |¢ - 7| # 0; equivalently, T
is the subset of coset representatives that fix all boxes in D; and Dy. (Only
entries in ¢(D;) = t(Dy) can be repeated in a column of ¢ - 7, and since
t(A) Nt(B) = @, such an entry appears as a repeat in ¢t - 7 if and only if it
has changed column.) Thus the specified Garnir relation may be written as
(8.10.2) R,a,8) = Z |t - T|senT.

T€T

The chosen coset representatives 7 precisely meet the properties as-
sumed in §8.3. Thus we can define for each 7 € T a permutation 7° €
Scoljo[/\o] U colg[A] by, in every transposition comprising 7, replacing the box a
with the unique box (°)~'t(a) in column j° or k° containing the entry ¢(a).
Let 7° = {7° | 7 € T }. Moreover, the conditions of Proposition 8.9 are

met, and so we have
(8.10.3) U(|t-7]) = (=1)5O e . 72|
forall 7€ T.

Example 8.10.4. In the example shown in the margin, let 7 be the place
permutation ((4,7) (3,k)). Then 7 is a permitted coset representative in 7°
and 7° = ((3,j°) (4, ko)), both swapping the boxes containing 5 and 8. Since

t-7 and t° - 7° are both sorted to column standard tableaux by applying two
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transpositions, W(|t - 7|) = (=1)S®|t° . 7°|. If we instead take 7 to be the
place permutation ((3,]') (3, k)), then, since (3,7) € D; and so its entry 6

appears in both column j and column k& of ¢, we have |t- 7| =0and 7 & T.

We now show that 7° has one of the properties required by the set S in

the definition of Garnir relations.

Claim 8.10.5. FExcluding precisely those cosets whose place permutation
actions send |t°| to 0, the set T° is a complete irredundant set of left coset

representatives of Spo X Spo in Spope.

PrOOF. If 7, 8 € T are such that 7° and 6° represent the same coset of
Sae X Spo, then |t° - 7°| = £|t° - °]. Using Proposition 8.9 and that U is a
bijection, it follows that |t - 7| = =t - 6|. Since the boxes A U B have distinct
entries in t, it follows that 7 and 6 represent the same coset of S4 x Sp.
Additionally, if [t° - 7°| = 0 then |t - 7| = 0, which contradicts 7 € 7. Thus
distinct elements of 7° are representatives of distinct cosets whose place
permutation actions do not send [t°| to 0.

On the other hand, given any permutation in S48, we may choose
a coset representative o that can be written as a product of disjoint trans-
positions (a b) with a € A° and b € B°. Because t°(A°) and t°(B°) are
disjoint, the support of o necessarily has distinct entries in t°. Supposing also
that the place permutation action of this coset does not send |t°| to 0, then
this representative satisfies the conditions of §8.3, and we may perform the
construction symmetric to 7 +— 7°. We thus obtain a permutation 7 € Sa.p
such that 7 € 7 and 7° = 0. We conclude that 7° is complete with the

specified exclusions. O

It follows from (8.10.2) and (8.10.3) that
(8.10.6) U(Ripa,p) = (15D Y 12 7% sgn7°.
roeTe
It would be very convenient to conclude from this and Claim 8.10.5 that
U(Rt,4,8)) = (—l)s(t)R(to7Ao7Bo), finishing the proof. However, it may not
be the case that |A°| 4+ |B°| > Af,, and this is a requirement for (¢°, A°, B°)
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to label a Garnir relation. We address this problem by expanding the subset
A° of colge[A°] in a way that does not affect the resulting relation: adding
boxes which have entries lying also in column j° of ¢°.

Let

N, = {a € colo[A] | °(a) € t°(colye[N°]) }
Ni = {b € colgs[\°] | £°(b) € t°(col;e[X°]) }

be the sets of boxes in columns j° and k° of A° respectively whose entries
appear in both columns j° and k° of t°. (Thus N; and N, are the analogues
for t° of D; and Dy.) In particular, Ny, is disjoint from A° and Nj is disjoint
from B°. These sets, and the sets introduced in the proof of the following

claim, are shown in Figure 8.1.

Example 8.10.7. In our running example, shown in the margin now with
full annotations, A° = {(4,%°), (5,k°)} and B° = {(1,5°), (3,5°)} so |[A°| +
|B°| = 4 # Ao = 5. Therefore A° and B° cannot be used directly to
define a Garnir relation. We have Ny = {(2,%°), (3,k°)}, in bijection with
N; ={(2,7°),(4,7°)}, and |A° L Ni| + |B°| = 6. Therefore A° LI Nj and B°
define a Garnir relation. The relevant boxes are shaded in the margin. By

Claim 8.10.9 at the end of this proof, ¥(R¢ 4 5)) = (—1)3ORge aein, Be)-
Claim 8.10.8. |A° LI Ni| + |B°| > A%..

PROOF. Let U = colj[A]\ (AUD;), and let U° = {b € colye[X°] | t°(b) €
t(U) }. The entries in boxes in U do not appear in column k of ¢ (because
these boxes are in column j but not in D;), and hence do appear in column
k° of t°, so |U| = |U°®|. Furthermore, U° is disjoint from A° because U is
disjoint from A, and we deduce that col. [A\°] = A° U N U U°. We remind
the reader that these subsets are illustrated in Figure 8.1.

Using colgo [A\°] = A° U Nj, U U®, the inequality we are required to show
becomes |B°| > |U°|. We observe that |B°| = |B| — |B N Dy| (for t(B) =
t(B°)Ut(BNDy), and t is injective on these sets). Together with |U| = |U°|

as noted above, our requirement becomes |B| > |U| + |B N Dy|.
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t(D;) = t(Dy) = colj(t) N coly(t) col;(¢) \ coli(¥)
j o ld k
L BoDy L
DAt i T I AP B
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5 T ] ke
coly(t) \ col;(?) [d] \ (colj(t) U colk(t))

FIGURE 8.1. The sets of boxes and their entries considered in the proof of
Proposition 8.10. Column j of [A\] and column j° of [\°] are shown on the
left, column k of [A] and column k° of [A\°] are shown on the right, and the set
{1,...,d} containing their entries is shown in the middle. The solid colouring
indicates the boxes, and their entries, that may be moved by elements of
T; the dotted colouring indicates the boxes, and their entries, which lie
in AU B but which are fixed by 7. The sets W = coli[A\]\(B U Dj) and
W = {a € coljo[X°] | t(a) € t(W)} are defined analogously to the sets of
boxes U and U° used in the proof; they are indicated here only in order to

complete the partition and are not used in the proof.
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We next observe that |[B N Dy| < |D; \ A|. Indeed, t(B N Dy) C t(Dj)
because t(D;) = t(Dy); but also t(B N Dy) Nt(A) = @ by the assumption
that t(A) Nt(B) = @, and thus t(B N Dy) C t(D; \ A). Then since ¢ is
injective on each of these sets, we have |B N D;| < |D; \ AJ.

It now suffices to show that |B| > |U|+ |D; \ A|. Adding |A| to each side
and using that col;[A] = AU (D \ A) U U, this requirement is equivalent to
|A] +|B| > ;. This was our initial assumption on A and B. O

Claim 8.10.9. V(R 4 5)) = (—1)5OR 0 g0, 5o)-

Proor. Let R be a set of left coset representatives for S0 n, X Spe in
Sacun,uBe, chosen so that each representative that keeps all the boxes in N},
in column k° fixes all these boxes. Let @ C R be this set of representatives
fixing all the boxes in Ny; then Q forms a complete irredundant set of left
coset representatives of Sge X Spo in Syopge. By Claim 8.10.5 we have
Yoo lt® - olsgno =3 o 7o [t 7°[sgn7°. Thus

R, a0uny,Bo) = Z |t°-olsgno + Z |t° - 7% sgn7°.
ocER\Q ToEeT°
Each summand [t°- | in the first sum is 0, because o moves a box containing
an entry in NNy into column j, in which this entry is already contained in
a box in Nj. By (8.10.6) the second summand is (—1)SOW(R(; 4 5)), as
required. [l

We thus have W(R(; 4.p)) € GRM (V*), finishing the proof of the proposi-

tion. O

Remark 8.11. In the proof of Proposition 8.10, we could equally well have
joined N; to B® instead of N}, to A°, and shown instead that |A°|4|B°UN;| >

)\z/o and \II(R(t7A,B)) = R(tO,AO,BOLle)'
We can now deduce the main results of this section.

PROOF OF THEOREM A. The quotient construction of the Schur endo-

functor from Proposition 2.13 is:

)\/
v AR
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By Proposition 8.10, the map ¥ descends to a linear map VAV — VA V*,

Moreover, ¥ descends to a G-equivariant linear map
VAV = VM V* @ (det V)®°
e(t) — (—1)5We(t°) @1

for t € CSYT(q(A).

We observe that ¢ +— t° is a bijection SSYT4(\) — SSYT4(A°) (and
not just a bijection CSYTg(A) — CSYT4()\°) as is immediate); this is
shown in [PW21, Proposition 7.1]. Recalling from Proposition 2.12 that the
semistandard tableaux label a basis of polytabloids, we deduce that the map

above is bijective between bases and hence an isomorphism. O
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9. Wronskian isomorphism

In this section we prove Theorem C.

Theorem C (Characteristic-free Wronskian isomorphism). Let m, [ € N.
Let K be a field and let EE be the natural 2-dimensional representation of

GLy(K). There is an isomorphism of GLa(K)-representations
Symm SymlE ® (det E)®m(m—1)/2 o~ /\m Syml+m—1 E

given by restriction of the K-linear map (Sym' E)®™ — A™Sym!*™™ ' E
defined on the canonical basis of (Sym' E)®™ by

m m
®Xijyl—ij — /\ Xij—i-m—jyl—ij-‘rj—l.
7j=1 7=1
In fact, we construct an injection between representations of the n x n

general linear group GL, (K), establishing the following theorem.

Theorem 9.1. Let n,m,l € N, and let m = (mtzfl). There is an injective

GL,, (K)-equivariant linear map
Sym., Sym! E ® (det E)™™/™ < A Sym*™ E.

When n = 2, the injective map we identify is the map described in
Theorem C, as noted after its definition (Definition 9.3). In this case we
have m = m+1 and the dimensions of Sym,,, |, Sym! E and /\mH Sym'*t™ E
agree, so the injective map is an isomorphism, yielding Theorem C (after
shifting the parameter m by 1).

We adopt the notation of Theorem 9.1 throughout this section.

9.1. Construction of map

We begin by constructing a linear map Sym.. Sym! E ® (det E)™™/™ —
/\m Sym!*™ E which specialises to the required map when n = 2. We
prove that our map is injective and GL,, (K )-equivariant in §9.2 and §9.3

respectively.
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Recall that {X7,..., X,,} denotes the natural basis for the natural repre-
sentation E, so that for g € GL,(K) we have

n
9Xi = Z 95,iXj-
=1

For each r € N, we view Sym" E as the space of homogeneous polynomials
of degree r in X1,...,X,. Let Mon, C Sym" E be the set of monomials of
degree r, a basis for Sym" F.

We will make use of the lexicographical ordering on monomials. It is
helpful to view this ordering as an injection into N as follows. Let b > [+ m,

and define an injection =: |_|lr’;(1) Mon, — N by
E(X - X)) = V" lay + 6" 2a5 + ... + bay—_1 + an,.

For 0 < r < b, we obtain the lexicographical ordering by totally ordering
Mon, via Z: define f >z h if and only if Z(f) > Z(h).

A basis of Sym; Sym' E is indexed by m-tuples of monomials. For each
r € N, let (Mon,.)™ denote the set of m-tuples whose entries are monomials
in Mon,.. Denote componentwise multiplication of tuples by concatenation;
that is, given f € (Mon,)™ and h € (Mon,,)™, write fh € (Mon, )™ for
the m-tuple with ith entry (fh); = fih;.

Define

(Mon,)T = { f € (Mon,)™ | f1 2= ...>= fm },

(Mon,)Z = { f € (Mon,)™ | f1 >= ... >= fm }

[1]

to be the sets of weakly decreasing and strictly decreasing m-tuples respec-
tively. Note that (Mon,,)T contains a unique element, consisting of the

monomials of degree m in decreasing order; call that element w.

Example 9.2. Suppose n = 2, and write X = X1, Y = X5. Choose b = 10,

and we have, for example,
Z(X?Y?) = 23.

On Mon,, this gives the ordering X2 >z XY >z Y2. The unique element of
(Mong)? is w = (X2, XY,Y?).
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Given f € (Mon,)™, define the tensor product of f to be
ff=fi® - ® fm € (Sym" E)®™,
and define the alternating product of f to be
A =FfAAfmc N\N"Sym"E.

Then { f® | f € (Mon,)™} is a basis for (Sym” E)*™ and {f" | f €
(Mon,)7 } is a basis for A™ Sym” E.

Let the symmetric group Sy act (on the right) on (Mon,.)™ by place
permutation (given o € Si; and f € (Mon,)™, we say (f - 0); = fi,-1). Let
stab f < S denote the stabiliser of f with respect to this action, and let
stab f\Sm denote a set of right coset representatives. Let f*¥™ denote the

symmetrisation of f©; we can write this as

= Y (F0)® = D fier @@ fpr € Symp Sym” E.

o Estab f\Sm o€E€stab f\Sm

Then { f¥™ | f € (Mon,)T } is a basis for Sym; Sym” E.

We can now define our K-linear map.

Definition 9.3. Let ¢: Sym., Sym! E @ (det E)®"™/" — A" Sym!*™ E be

the K-linear map defined by extension of

(™ el)=2(f)

for each f € (Mon;)Z, where Z(f) € A Sym'™™ E is the sum

2= Y ((frow' =} (fiorwi A A fg-1wm).
oestab £\Sm oEstab £\Sm
Note that when n = 2, and writing X = X; and Y = Xs, the tu-
ple w is obtained by ordering the monomials of degree m by decreasing
powers of X; that is, w = (X™, X™"'Y,...,Y™). Thus Xin_iwj =
Xitm+l=jyl=i-m=1+j and it is clear that ¢ is the map described in the

statement of Theorem C.
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Example 9.4. Suppose | = 4 and m = 2, and suppose n = 2 and write
X =X, and Y = Xo. We have m = 3 and w = (X2, XY,Y?). Let
f=(X*XY3 XY?) € (Mong)2. Then

= (X1 XY XY?) + (XY3 e XY o XY + (XY? 0 X1 @ XY?)
and
Z(f) = (XOAX2YIAXY ) +(X3Y3AX Y AAX Y ?) H(X3Y3AXPY AXYD).

Note that we have written each summand of Z(f) below the summand of

™ from which it is obtained by componentwise multiplication with w.

9.2. Injectivity of map
We prove that ¢ is injective by showing that the set { Z(f) | f €
(Mon;)Z } is K-linearly independent.

We make use of the following order on (Mon;4,)™

Definition 9.5. Define a partial order <y on (Mon;,,,,)™ by f <x h if
and only if 37" Z(£)? < Y, E(h;)?. Extend <y to a total order on

(Mon; )™ arbitrarily.

Lemma 9.6. Let f € (Mon))T, and let 0 € Sm, o & stab f. Then (f -

o)w <y fw.

ProOF. Observe that if f, h and fh are all in the domain of =, then
E(fh) = E(f) + Z(h). Thus we have

S oE((Fw))? ~ Y B

(i
L
£
S{,
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This is positive, and the lemma follows, by the rearrangement inequality
(which states that given real numbers a; > ... > a, and by > ... > b, we
have Y, aibi > > ;_; aib;,—1 for any permutation o, with equality if and
only if b; = b;,—1 for all 4 [HLP52, Theorem 368]). O

Proposition 9.7. The set { Z(f) | f € (Mon))T' } is K-linearly indepen-
dent.

PROOF. Consider a K-linear combination A = 3 ¢c monym a5 Z(f),

>
where ay € K are not all zero. Let f* € (Mon;)7 be <y-maximal such that

aps # 0.

Let f be such that ay # 0, and write Z(f) with respect to the basis
{h" | h € (Mon;4,,)T}. If f <x f*, then also fw <y f*w, and hence
for any h” with nonzero coefficient in Z(f) we have by Lemma 9.6 that
h <y fw <y f*w. Meanwhile, if f = f* we have by Lemma 9.6 that
(f*-o)w <z f*w for all o € S, 0 & stab f*, and hence (f*w)”" occurs
with coefficient 1. Thus, when A is written with respect to this basis, the
coefficient of (f*w)" is ap« # 0. Thus A # 0. O

9.3. Equivariance of map

We now show that ¢ is GL,,(K)-equivariant, completing the proof of
Theorem 9.1 and hence Theorem C. Recall that GL,(K) is generated by
elementary transvections and diagonal matrices (Lemma 5.9), where an
elementary transvection is a matrix that has 1s on the diagonal and a unique
nonzero off-diagonal entry. Thus it suffices to show ( respects the action of
these matrices.

We first find an alternative expression for (. Consider the K-bilinear

map defined by extension of
(Sym! E)®771 x (Sym™ E)®™ — A™ Sym't™ E
(f%, h%) = (fh)"

for f € (Mon;)™ and h € (Mon,,)™. This induces the following K-linear
map (Sym! E)®m ® (Sym™ E)®™ — A™ Sym!*™ E.
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Definition 9.8. Let w: (Syml E)®m ® (Sym™ E)®Wz N /\m Syml+mE be

the K-linear map defined on pure tensors by
Wwfi® - fme@h @ - ®hm)=fihi A A fmhm

for fi,..., fm € Sym' E and hq,..., hym € Sym™ E (not necessarily monomi-
als).

It is easy to verify that w is GL, (K)-equivariant.

Our map ¢ can now be written as
M @1) =w(fY™ @ w®).
for all f € (Mon;)™.

Lemma 9.9. Let §f € Sym.. Sym' E and let h € (Mon,,)™. If h has a
repeated entry, then w(f ® h®) = 0.

PRrROOF. By linearity, it suffices to prove this when f = f*™ for some
f € (Mon))™. For f € (Mon;)™ and o € Si, observe that

w((f - U)® ® h®) = fio-1thi A A fro—1hm
= sgn(o) fihis A+ A frhmo

=sgn(o)w(fo® (h-o1)").

Since h has a repeated entry, there exists a transposition 7 such that
h -7 =h. Fix such a 7.

Since 7 is a transposition, the orbits of the action of 7 on the right
cosets of stab f in S are of size 1 or 2. Let 7 be the set of representatives
o € stab f\Sm for cosets in orbits of size 1 (that is, such that f-o7 = f - 0;
equivalently, such that f-o has repeated entries at the positions swapped by
7). For o € T, observe that w((f - 0)® ® h®) has repeated entries (at the
positions swapped by 7), and so is equal to 0.

Meanwhile, pick one coset from each orbit of size 2 of the action of 7
on the right cosets of stab f in S, and let A C stab f\S5 be their set of

representatives. Then using the observation from the beginning of the lemma
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we have
> w((f-0)?@h®)
oestab f\Sm
oT
=) (w((f-0)® @h®) +w((f - 07)® @ h?))
ceA
= 3 (wl(f - ) 9 h%) + sgn(r((F - 0)° © (h- 7))
occA
=0.
Thus w(f¥™ @ h®) = 0. O

Lemma 9.10. Let g € GL,(K) be an elementary transvection and let r € N.

There exists a total order < on Mon, such that for all f € Mon, we have

9f =+ vrnh.

h=<f

for some constants vy¢p € K.

PROOF. Suppose g is the elementary transvection sending X; — X;4+aX;
(and fixing all other variables), where 7, j € [n] are distinct and o € K. Define
a partial order on Mon,. by h < f whenever the exponent of X; in h is strictly
lower than that in f, and extend to a total order (for example, we could
take the lexicographical order where the exponent of X; is the first to be
compared). This has the required properties: given f € Mon, in which the
exponent of X; is a, the image gf is obtained from f by replacing X with
(Xi + aX;)%, so f occurs as a summand of the image exactly once and all

other summands h have a strictly lower exponent of X;. ([l

Lemma 9.11. Let f € Symg; Sym! E and let g € GL,(K) be an elementary

transvection. Then

w(f® (g —Hw®) =0.

PRrOOF. Let < be a total order on Mon,, which has the property of
Lemma 9.10, and let w € (Mon,,)™ be the m-tuple of distinct monomials

in Mon,, in increasing order with respect to <. Thus w = w - ¢ for some
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o € Sm. As in the proof of Lemma 9.9, we have w(f ® (g — 1)w®) =
sgn(o)w(f-o7t® (g —1)w®), so it suffices to show that w(f® (g —1)w®) = 0.
By the choice of <, we have for each 1 < i < m that

and hence

for some constants v; ; € K with 7;; = 1.

Observe that, when expanded out, the only summand without a repeated
factor is w® itself. Then by Lemma 9.9, w(f ® h) = 0 for each summand h
of (g — 1)w®, and the result follows. O

Proposition 9.12. The map ¢ is GL,(K)-equivariant.

PROOF. For g € GL,(K), f € (Mon;)Z, we have
g @ 1) = gu(f¥™ © w?) = w(gf " @ gw®),
Clo(F>™ @ 1)) = ((gf ™™ @ (det g)™™™") = (det )™ "w(g f*™ © w®).
Thus we are required to show that
W(gf¥™ @ gw®) = w(gf*™ @ w)(det g)"""

for all f € (Mon))Z and all g € GL,(K). It suffices to consider g an
elementary transvection or a diagonal matrix, since these elements generate
GL,(K) (Lemma 5.9).

If g is an elementary transvection, then det g = 1 and Lemma 9.11 leads
immediately to w(gf™ ®@ gw®) = w(gfY™ @ w®), giving the requirement.

If g is diagonal, writing g; for the ith diagonal entry of g, we have that
g acts on a monomial X" --- X% by multiplication by gj*---g%. In w,
each variable occurs exactly mim/n many times, and so g acts on w® by

multiplication by g{nm/ g m/m _ (det g)mm/ " as required. O
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10. Hermite reciprocity

We deduce Hermite reciprocity, restated below, from the complementary
partition isomorphism and the Wronskian isomorphism. In fact we need only
the special case Corollary 8.3 of the former isomorphism; this corollary was

proved at the end of §8.1.

Theorem D (Characteristic-free Hermite reciprocity). Let m,l € N and let
E be the natural 2-dimensional representation of GLo(K). Then

Sym,, Sym! E = Sym! Sym,, E.

PRrROOF. For convenience, we establish the isomorphism over SLg(K).
Since the representations are polynomial of equal degree, it follows from
Proposition 5.10 that the isomorphism also holds over GLa(K).

Recall from Proposition 3.3 and Proposition 3.7 that the contravariant
dual —° satisfies (Sym” V)° = Sym,, V° and (A" V)° = A" V°. Note also

that £ = E°. Using these relations, we have, as representations of SLo(K),

Sym,, Sym' E = A" Sym!T" ! E (by Theorem C)
=~ Al Symy ., 1 E (by Corollary 8.3)
= (\'sym* 1 E)’
&~ (Sym; Sym™ E)° (by Theorem C)

>~ Sym! Sym,, E,
as required. O

We illustrate how to explicitly compose the maps above with an example.
(In practice it is convenient to address duality in a different order than in

the proof of Theorem D.)

Example 10.1. Suppose | = m = 2, and write £ = (X,Y)x as in §9. In
this example we identify the image in Sym Sym,, E of the basis element
X2QY? +Y?20X? € Sym,, Sym' E.
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We first apply the Wronskian isomorphism ¢ (Theorem C), giving

Sym,, Sym' E — A" Sym't" 1 E

X20Y2 + Y20X2% s X3AY? — X2V AXY2

Next we apply the complementary partition isomorphism 1 (see Defini-
tion 8.1): we replace each summand with the wedge product of the duals
of the complementary basis elements (and also pick up a sign, which in
our example is +). Composing with the isomorphism (A" V)* =2 A" V* of

Proposition 3.3 we obtain

/\m Syml—i-m—l E — (/\l Syml+m—1 E)*

X3AY? — XPYAXY? = (XPY AXY?) — (XPAY?)"

Now we apply the dual ¢* of the Wronskian isomorphism. To find the image
C*(z*), we seek those basis elements y such that ((y) has = as a summand.
For z = X2Y A XY?2, there are two such basis elements: XY ® XY and
the symmetrisation of X2 ® Y2 (the latter appearing with sign —1); for
r = X3 AY3, the symmetrisation of X2 ® Y2 is the only such basis element.
Thus

(A’ Sym"™*™ ! E)* — (Sym, Sym™ E)*
. ., (XyeXxy)
(XY AXY?) — (XPAY?) .
—2(X%@Y? + Y?®X?)".
The isomorphism (Sym” V)* = Sym, V* in Proposition 3.7 is given by inter-

changing symmetrisations with products, yielding

(Sym; Sym™ E)* — Sym! Sym,,, E*
(XY ® XY)" (X*QY* + V*®@X*) - (X*QY* + Y*®X™*)
—
—2(X*®Y?+Y?0X?)" —2(X*@ X" - (Y oY),
Finally we use Proposition 3.2: there is an isomorphism E* = E° 2 F given

by the basis change matrix J = (_01 (1)), which in our case replaces X* with
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—Y and Y* with X. We have
Sym! Sym,, E* — Sym! Sym, E
(X'QV*"+ V"X ) (X' @V "+YV*'0X") (XY+VY®X) (XY+Y®X)
—
2X"@X")- (Y'Y —2X®X) - (Y®Y).
Thus our overall map sends
Sym,, Sym! E — Sym! Sym,, E
(XY +Y®X) (XY +Y®X)
X2Y?+Y?0X? —
—2X®X)- (Y®Y).
Notice in particular that we have not merely interchanged symmetrisations
and products. Thus this map is of interest even in characteristic 0, where it

corresponds to a non-trivial automorphism of Sym? Sym? E.
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11. Conjugate hook partition non-isomorphism

The goal of this section is to prove Theorem E, which rules out the
existence of certain plethystic isomorphisms. We achieve this with the aid of
a new invariant called the defect set.

Throughout we use the notation akin to that of §9 in which F = (X, Y )k

is the natural representation of SLa(K).

11.1. Weight spaces and the defect set

Suppose, to begin, that K is infinite. Let T" be the torus of diagonal
matrices in SLo(K). Let V be a representation of a subgroup of SLa(K)

containing T'. For r € Z, we say the r-weight space of V is

a 0
v=a"vforalla e K* .
0 ot

An integer r such that V, = 0 is called a weight of V; an element of an

(11.1) v;:{vev

r-weight space is called a weight vector with weight r.

Remark 11.2. Weight spaces for representations of GL,,(K) were defined
in Definition 6.1. Our definition for representations of SLy(K) is slightly
different, due to the restricted form of diagonal elements of SLo(K). A
weight vector with weight r of a representation of SLa(K') (as defined above)
corresponds to, in the notation of Definition 6.1, a vector of weight (r + 4, 1)
for some integer 7. These weights spaces cannot be distinguished by diagonal

matrices of the form (B“ Ofll ), whence the definition.

We say that T' acts diagonalisably on V if V. = P, ., V-, or equivalently
if V has a basis of weight vectors. If V' is a K'SLy(K)-module on which T’
acts diagonalisably and m € 7Z is maximal such that V,, # 0, then we say
that V,,, is the highest weight space of V| and that a nonzero v € V,,, is a
highest weight vector. We say v € V,,, is a unique highest weight vector if Vi,

is one-dimensional.
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Let B be the Borel subgroup of SLy(K) consisting of lower triangular

matrices. For v € K we let

1 0
M, = € B.
v 1

We introduce the following invariant, which we will use to distinguish

non-isomorphic representations and hence obtain the results of this section.

Definition 11.3. Let V be a K'SLg(K)-module on which T" acts diagonalis-
ably with unique highest weight vector v of weight m. Let Bv denote the
K B-submodule of V' generated by v. We define the defect set of V', denoted
D(V), by

D(V)={deNo | (Bv)m—2q # 0}

Example 11.4. Let a > 1. The module Sym?” E has weight vector basis
{XxP™ L XPUYE L YPY ) where XPT 'Y has weight p® — 2i. Thus the
weights are p®,...,p% — 2i,...,—p%, and XP" is a unique highest weight
vector. Observe that M,XP" = (X +~Y)P" = XP* 4 4P"YP"  and hence
BXP" is spanned by X?” and Y?" whose weights are p* and —p® respectively.
Hence the defect set is D(Sym?” E) = {0, p*}.

We generalise this example to arbitrary upper and lower symmetric

powers in Lemma 11.11.

Finite fields. To obtain the full version of Theorem E we need the extension of
Definition 11.3 to KSLy(K)-modules when K is finite. Suppose that |K| = gq.
Defining V;. as in (11.1) leads to ambiguity: the weight 7 is now well-defined
only up to multiples of ¢ — 1, and we have V =3 . V;, no longer direct in
general. Therefore, for the purposes of our work, we restrict the definition
of weights to integers in the range (q;—l, %] N Z. Correspondingly, in the
definition of the defect set, Definition 11.3, we take only those d in the range
0 < d < (g—1)/2. Note that with these definitions, T acts diagonalisably on
any K SLy(K)-module (by a well-known generalisation of Maschke’s Theorem,

using that 7" is isomorphic to the cyclic group K* of order g — 1).
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Example 11.5. We revisit Example 11.4, now supposing K is a finite field.
For K sufficiently large (|K| > p®*2 suffices), all the weights written down
in Example 11.4 are within the required range, and no changes are needed.
However, when |K| < 1+ 2m, where m is the highest weight defined for an
infinite field, the behaviour can be very different.

Consider Sym*E when K = Fg. Weights are restricted to be between —3
and 3 (inclusive), and so X* has weight —3 (rather than 4 as in the infinite
field case). A unique highest weight vector is Y* with weight 3 (the other
weight vectors are X3Y with weight 2, X2Y? with weight 0, and XY with
weight —2). The submodule BY* is spanned by Y* and thus the defect set
is D(Sym? F) = {0}.

Consider instead Sym® E when K = Fs. Weights are restricted to be
between —1 and 2 (inclusive), and so Sym® E has weights 1 (with weight
vectors X°, X3Y? and XY*4) and —1 (with weight vectors X4y, X?2Y3
and Y®). In particular there is not a unique highest weight vector and so

the defect set is not defined.

Identifying defect sets for images of Schur endofunctors. We first verify that
defect sets are defined for the modules we wish to distinguish using them.
We assume throughout that |K| > 4 (as otherwise weights are only permitted
to be in the sets {0} or {0, 1}, which is too restrictive).

The natural representation F has weight vector basis {X, Y}, where X
is a unique highest weight vector of weight 1 and Y has weight —1. It is
straightforward to identify weight vector bases for the images of £ under
iterated Schur endofunctors and their duals, and observe that there is a

unique highest weight vector and hence that the defect set is defined.

Proposition 11.6. Let V be a KSLy(K)-module with weight vector basis
{v1,...,u}, where v; has weight r;, for some integers r1 < --- < ri_1 <71.
(i) The basis of VNV consisting of semistandard polytabloids is a weight
vector basis, in which e(t) has weight 3 i\ Typ) (modulo K| —1).

Let tyax be the semistandard tableau obtained by filling each column
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from the bottom with integers decreasing from [, and suppose that
K| > 1+ QZbe[A] Ttmax(b)- Lhen a unique highest weight vector is
e(tmax)-

(i1) The basis {vi,..., v} for V° dual to {v1,...,v} is a weight vector
basis, in which v} has weight r;. A unique highest weight vector is v},

of weight ;.

PRrROOF. The claimed weights are clear; that the semistandard poly-
tabloids form a basis is Proposition 2.12. Since r;,_1 < 7, there is in each

case a unique highest weight vector. O

Remark 11.7. It is also clear that, in the notation of Proposition 11.6,
the basis {v},..., v/} for V* dual to {vi,...,v;} is a weight vector basis, in
which v} has weight —r; (where we view —q;21 = q;21 if |K| = ¢ is finite and
odd). But V* 2 V° by Proposition 3.2, and so we deduce that the multiset

of weights of V' is symmetric about zero.

To identify which of the weight spaces intersect the K B-submodule
generated by the highest weight vector, it suffices to consider the action of
unipotent lower triangular matrices on the highest weight vector. This is

made precise by the following lemma.

Lemma 11.8. Let V be a KSLa(K)-module on which T acts diagonalisably,
and let U be a K B-submodule of V' generated by some weight vector v € V.
Then U, # 0 if and only if there exists some v € K such that the component

of M,v in V, is nonzero.

PROOF. For the “if” direction, it suffices to prove that if v, ..., v, are
nonzero weight vectors with distinct weights r1, ..., r, such that v;+4- - -4v, €
U, then each v; lies in U. We use induction on n. The case n = 1 is clear.
Suppose n > 1, and write £ = v1 + --- + v,. Choose o € K such that
a™ # o™ (when K is finite this is possible since |K| > |r1| + |ry| by our

definition of weights), and let g = (§ agl) € B < SLy(K). Then

Usgr—amz= (" —a™)vy+...+ (@' —a™)v,_1.



11. CONJUGATE HOOK PARTITION NON-ISOMORPHISM 119

By the inductive hypothesis, v; € U, and hence x — v; € U. Then by the

inductive hypothesis applied to x — vy, we also have vo,...,v, € U.
Conversely, suppose U, # 0. Then there exists some g € B such that gv

has nonzero component in V,.. An element of B can be written as g =

Mv(g agl) for some «,y € K, and since v is a weight vector we have that
(a 0
0a !

in V,. O

)v is a nonzero scalar multiple of v. Thus M,v has nonzero component

Finally in this subsection we record a lemma which is of great use when
ruling out certain elements from being in defect sets. Given subsets I, J C Ny,

let I+J={i+j|iel,jeJ}.

Lemma 11.9. Suppose V and W are KSLa(K)-modules on which T acts
diagonalisably with a unique highest weight vector.

(i) If o: V. — W is a homomorphism that does not annihilate the highest
weight vector of V', then D(im ¢) is defined and D(im ) C D(V). In
particular, if W is a quotient of V', then D(W) C D(V).

(ii) Suppose |K|— 1 is strictly greater than twice the sum of the highest
weights of V. and W. Then the set D(V @ W) is defined and D(V ®
W) CD(V)+DW).

PRrOOF. Let {vi,...,v;} and {wy,...,wn} be weight vector bases for V'
and W respectively, with v; having weight r; and w; having weight s;, for
some integers 71 < -+ <rj_1 <rjand s; < -+ < Sp—1 < Sy We use the
characterisation from Lemma 11.8 for the presence of elements in the defect
sets.

For (i), observe that if ¢(v;) is nonzero, then it is a weight vector of
weight 7;; thus ¢(V,.) C W, for all » € Z. Then {p(v1),...,¢(v;)} contains
a weight vector basis for im ¢. Note that ¢(v;) is in this basis since it is
nonzero by assumption and is the unique element of the spanning set with
weight 7;. Thus (v;) is the unique highest weight vector of im ¢, so D(im ¢)
is defined. Furthermore, if M,¢(v;) has nonzero component in the weight

space W, then M, v; has nonzero component in V.
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For (ii), observe that v; ® w; is a weight vector of weight r; + w; (using
the hypothesis on the field size). Moreover, the set {v; @ w; | 1 < i <
[,1 <j < m}isa weight vector basis for V@ W, and v; ® wy, is the
unique highest weight vector. Thus D(V ® W) is defined. The containment
DV @ W) CD(V)+D(W) is clear: if there exists v such that M, (v; ® wyy,)
has nonzero component in the weight space (V ® W), 45, —24, then, since
M, (v @ wy,) = (Myv) ® (Mywyy,), there exists 4, j such that i + j = d and
M, v; and M,wy, have nonzero components in the weight spaces V,,_2; and
W, —2;. O

11.2. Symmetric powers and carry-free sums

In this subsection we identify the defect sets for iterated symmetric
powers. This prepares the ground for the proof of Theorem E, and also yields
Proposition 11.12, characterising when symmetric powers are isomorphic to
their duals, and Proposition 11.14, demonstrating that our Theorem D is
the unique modular generalisation of Hermite reciprocity.

For a € {0,...,1}, let (X®=2 @ Y®9)™™ ¢ Sym; I be the sum of all (})
pure tensors Z1 ® --- ® Z; where exactly | — a of the factors are X and the
remaining a are Y.

Binomial and multinomial coefficients will frequently appear when ex-
panding the action of matrices M, on symmetric powers. To determine when
these coefficients are nonzero modulo p, we require the notion of carry-free

sums.

Definition 11.10. Let aq,...,as € Ng, and write a'? for the base p digit

i
of a; corresponding to the power of p/. We say that the sum aj + - - - + a
is carry-free in base p if agj) 4+ 4 agj) < p—1for all j. For a,l € Ny, we
say that a is a carry-free summand of [, denoted a <1, if @ < [ and the sum

a+ (I — a) is carry-free.

Equivalently, a1 + - 4+ as is carry-free in base p if the sum can be
computed in base p without carrying, by the usual algorithm taught in
schools for base 10. Lucas’s Theorem (see for instance [Jam78, Lemma 22.4])

states that the binomial coefficient (i) is nonzero modulo p if and only
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a1+-"+as) is

if @ <[, and more generally that the multinomial coefficient ( s

nonzero modulo p if and only if the sum a; + - - - + as is carry-free.

Lemma 11.11. Let | € Ny. If K has prime characteristic p and |K| >
1+ 2] then

(i) D(Sym; E) ={0,...,1};

(i) D(Sym'E) = {d € {0,...,1} | d<1}.

PROOF. A highest weight vector of Sym, E is X®! and a highest weight

vector of Sym'E is X!. A simple calculation yields

l
X®l Z ’Yd X®l—dy®d)sym’
d=0

l
M, (X" = (2) Xl-dyd,
d=0

Note that X®'~?® Y®? and X'~9Y? have weight | — 2d; using Lemma 11.8

and Lucas’s Theorem mentioned above, the defect sets are then clear. O

In the following proposition we use the defect set to distinguish non-

isomorphic symmetric powers; this sharpens the well-known Proposition 3.5.

Proposition 11.12. Let | € Ny. If K has prime characteristic p and
|K| > 1+ 2l then Sym'E = Sym,; E if and only if | < p orl =p°* —1 for
some ¢ € N. If K has characteristic zero then Sym'E = Sym; E for any l.

PRrOOF. The condition that [ < p or [ = p® — 1 for some ¢ € N is
equivalent to the condition that a <[ for all @ € {0,...,l}: if [ < p then
we clearly have a < [ for all @ € {0,...,l}; if { > p then a < [ for all
a € {0,...,1} if and only if all base p digits of [ are p — 1, which is if and
only if [ = p* — 1.

By Lemma 11.11, if Sym'E = Sym, F then a < [ for all a € {0,...,1},

as required. Conversely, consider the composition of the canonical maps

Sym; & — E® — Sym'E
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which sends (X®~% @ Y®2)™ ¢ Sym, E to (é)Xl_aYa. Supposing a < [
for all @ € {0,...,1}, or supposing instead the ground field has characteristic

zero, we have that (é) # 0, and so this is an isomorphism. U

Lemma 11.13. Let m, | € Ng. Suppose that K has prime characteristic p
and that |K| > 1+ 2lm. Then

D(Sym,, Symy; E) = {0, ...,Im};

l

mo,...,m; € Ng, mg+ -+ m; =m,
D(Sym,, Sym'E) = ¢ Y jm;

Jj < for all j such that m; # 0

§=0
l
mg,...,m; € Ng, mg+---+m; =m,
D(Sym™ Sym; E) = § Y jm; ) ;
= mo + - - - +my is carry-free
mo,...,m; € Ng, mg+---+m; =m,

l
D(Sym™ Sym'E) = ijj mo + - -+ +my s carry-free,
7=0 Jj < for all j such that m; # 0

PrOOF. We compute D(Sym™ Sym' E). The highest weight vector is

(XY™ of weight Im, so it suffices to consider the expansion

m

l
My (XY™ = (X 7)) = | (j) Y X!IYI
j=0

o e (AR

mg,...,m;ENg 7=0
mo-+---+mp=m

The vectors of weight Im — 2d are precisely the elements Hé’:o(X =iy iym;
where Zézo Jjm; = d, and such an element appears with nonzero coefficient
in this expansion if and only if the corresponding binomial and multinomial
coefficients are nonzero. Lucas’s Theorem then yields the claimed defect
set. The other parts follow similarly, with the binomial and/or multinomial

coefficients not appearing in the expansion when the first and/or second

symmetric powers are lower respectively. O
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Diverting our attention briefly from Theorem E, we conclude this sub-
section by showing that Theorem D is the unique modular generalisation of

Hermite reciprocity.

Proposition 11.14. Let € > 1. Suppose that K has characteristic p and
|K| > 1+ 2p°tt. The eight modules obtained from SymP Sym?" E by ex-
changing the order of the symmetric powers and replacing upper symmetric
powers with lower symmetric powers are pairwise non-isomorphic, with the

exceptions of the dual isomorphisms

Sym,, Sym? F = Sym”" Sym,E and Sym”Sym,E = Sym,. Sym’E,
and the possible exceptions of the dual isomorphisms

Sym? Sym?” E = Sym? SymPE  and Sym,, Sym,- E' = Sym,,c Sym,,E.

In particular there are either four or sixz isomorphism classes amongst these
modules. If p = 2 the possible exceptions do not occur and there are precisely

sixz isomorphism classes of modules.

PRrROOF. Routine applications of Lemma 11.13 yield

D(Sym,, Sym,-E) = {0,1 LY = D(Sym,. Sym, E),
D(Sym, Sym? E) = {jp° | 0<j < p} = D(Sym?” Sym,E),
D(Sym” Sym, E) = {jp | 0 <j <p°} = D(Sym,- Sym”E),
D(Sym?Sym” E) = {0,p°"'}  =D(Sym” Sym’E).

Distinctness of defect sets rules out isomorphisms between these modules
except those stated in the theorem. Indeed the first pair of stated isomor-
phisms hold by modular Hermite reciprocity (Theorem D) and its dual.
By Proposition 3.7, Sym,, Sym, . E' = (Sym” Sym?” E)* and Sym,,e Sym,, &/ =
(Sym]"E SymPE)*, so either both or neither of the possible exceptions oc-
cur. Therefore it remains only to prove, when p = 2, that Sym? Sym? F 2
Sym? Sym? E.

Again we use weight spaces, this time identifying a difference in the

K B-submodules generated by the 0-weight space. The 0-weight space of
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Sym? Sym? E is spanned by all (X2)2° '~ . (XY)2* . (Y2)2 "4 for 0 <
a < 2°71. Applying M, we get

(X2 4427220 (X +4Y)Y) % (Y22 e,

in which each factor has only even powers of X and Y. Thus the K B-
submodule of Sym?” Sym? E generated by the O-weight space has all weights
congruent to 0 modulo 4. Meanwhile the 0-weight space of Sym? Sym? E
contains (X2 71Y) - (XY#~1); applying M, to this we get (X +~Y)* 1Y -
(X +7Y)Y? 1, whose expansion has X271V . 4Y?" with coefficient 1.
Therefore the K B-submodule of Sym? Sym?” E generated by the 0-weight

space has a nonzero weight space for the weight —2. O

If we work instead over the complex numbers, all eight modules in
Proposition 11.14 are isomorphic (by classical Hermite reciprocity and Propo-

sition 3.5).

11.3. Defect sets for hook Schur endofunctors

Our overall strategy is to use defect sets to distinguish the eight modules
in Theorem E. The reader is invited to refer ahead to §11.5 to see how this is
accomplished using the properties of defect sets identified in this subsection
and the next. For the remainder of this section, K denotes a field of prime
characteristic p. In this subsection we study the defect sets of the modules
v(at+11?) Sym! E and v(a+11%) Sym,; E; in the next subsection, we do the
same with A in place of V.

To identify elements of the defect sets, we need to evaluate the action
of M, on the highest weight vectors. Working with V(a+1’lb), we can use
the simple multilinear expansion rule for the polytabloids exemplified in
Example 2.2. We also need the description of the action of M, on the

canonical bases of Sym! E and Sym; F/, given by the following lemma.

Lemma 11.15. We have A
K .
: ® R— _ — ® R1—
(i) My(X®' @Y Z)Sym—jE_O'yZ j<l—z‘)(X T y®rym,
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(ii) My(X'YT) =) "y ( ) X7y,
: j
Jj=0

PROOF. Part (ii) is obvious from expanding (X + 7Y)!Y'~%. For part

(i), observe that M, (X® @ Y& =1)*™ is the sum of all (}) tensor products

Z1®---® Z; where exactly 4 of the factors are X +~Y and the remaining [ —1¢

are Y. Expanding into pure tensors in X and Y, there are (i) (;) summands

with j factors of X and [ — j factors of Y (each with coefficient 4*~7). Then

since (]l) such summands are required to form (X®7 @ Y®/=7)™  the number

of times this vector (each with coefficient 4*~7) occurs is (i) (;) (jl.)_l = (ZZ:Z)

O

Lemma 11.16. Let a,b,l € N and suppose |K| > 1+2(a+b+ 1) —b(b+1).
If b £ —1 mod p, then 1 € D(V(a“’lb) Sym; E).

PROOF. Let tyax be the tableau of shape (a + 1, 1°) labelling the highest
weight vector of v(a+1,1) Sym,; E identified in Proposition 11.6; by this
proposition, its weight is (a+1)I+({—1)+---+(I—b) = (a+b+1)I—b(b+1)/2,
whence the bound on | K|. Let s be the tableau obtained from ty,ax by reducing
the entry in the top-left corner by 1. That is,

[—b l e l [—b—-1 l e l
[—b+1 [—b+1
tmax = : and s =
-1 -1
l l

where an entry of i corresponds to the basis vector v; = (X @ Y ®—#)sym,

We compute M, e(tmax) by acting on the entry in each box of tyax, as in
Example 2.2, and then using Garnir relations (see Definition 1.8) to express
the result in the basis of semistandard polytabloids. Note that the Garnir
relations do not change the multiset of entries of a tableau; thus to identify
the coefficient of a semistandard polytabloid, it suffices to consider only those

tableaux with the same multiset of entries.
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By Lemma 11.15(i), Mv; = Z;‘:O i (ll:z)vj. The action of M., on the

entries of tax yields

1=b o ! , ! ,
> A () > ' > 7Y
=0 7=0 7=0

l_zbirl lberlfj(l—j)v.

, O’Y b—1) Vs
j:

-1 . .
> A ()

=0

L
> A,
i=0

before multilinear expansion.

Consider how we can choose summands to obtain a tableau with the
same multiset of entries as s. Since v; must occur a + 1 times, we must
choose v; from the sums in the a + 1 boxes in which it appears; then v;_;
must occur once, so must be chosen in the only remaining sum in which it
appears; and so on, until we choose v;_p4+1 from the box immediately below
the top-left box. Finally we must choose v;_;_1 from the box in the top-left.
The coefficients arising from this choice are (bJ{l)v from the top-left box and
1s from every remaining box.

Since this sequence of choices gives the semistandard tableau s, no
rewriting using Garnir relations is necessary, and it follows that the coefficient

of e(s) in My e(tmax) is (b+1)y; this is nonzero by the hypothesis on b. O

Lemma 11.17. Let o, 3,e € N with o # 3 and o, < €. Suppose |K| >
L+2(p° +p”)(p* +p° +1) = p°(p” +1). Then

(i) pPte — p € D(VE L) gy +° Ry

(ii) 1, p®, p?, pote — pf ¢ D(VE +1L1P") Gupp*+9° )

ProOF. For part (i), we consider (as in the proof of Lemma 11.16) how
we can expand M, e(tmax) to obtain tableaux with certain multisets of entries.

This time we choose the tableau s obtained from ¢,,,x by reducing all the
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entries in the first column by p®, except the first and last. That is,

P PP o) B P P+
p°+1 1

tmax = and s=
pe+p’—1 p’—1
pE +p6 pE +p3

where an entry of ¢ corresponds to the basis vector w; = X iypriHp’-i ¢

Sym! E. By Lemma 11.15(ii), Myw; = 23:0 o (;)wj Acting by M, on
each entry of ty,.x yields

£

p } “+pf c+pf
S | TS e | |y
Jj= Jj= Jj=

pel
];0 7 (7w

PAPI-L e
Zjo,y*(p +z; )wj
J:
p°+pf

s
SN
j:

before multilinear expansion, where v* denotes a power of v omitted for
reasons of space.

Consider how we can choose summands to obtain a tableau with the
same multiset of entries as s. As before, since wpe,s must occur p* + 1
many times, we must choose wpe,s from the sums in the p* 4 1 boxes in
which it appears. Thus there is a unique choice in each box at the bottom of
a column, and each such choice gives a coefficient of 4* = 1.

| v =
(;) which is nonzero if and only if j < ¢, which in particular requires j < <.

For the remaining p® boxes, note that for 0 < i,j < p®, we have (

Thus, since 3 < ¢, the only remaining sum in which w,s_; appears with
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nonzero coefficient is that in the penultimate box in the first column, so
it must be chosen there; continuing, we must choose w; from the sum in
box (j,1) for all 2 < j < p® — 1. Each of these choices gives a coefficient
of v*°. Finally, in the top-left box wp= must then be chosen. Thus there
is a unique way to obtain a tableau with the same multiset of entries as s
and the coefficient is v(p'@_l)pe. Therefore, writing s’ for the semistandard
tableau obtained from s by sorting the first column into ascending order, the

p5+6

coefficient of e(s') in M.y e(tmax) is 4P P° # 0, as required.

For (ii), we recall that the module V117 Sym? P’ F is the image of
the partition-labelled exterior power AP Gy B (Sym?" 7" g)ert
under the canonical quotient map |t| — e(t). Moreover, if ¢ is a tableau and
T= ((1,j) (L,7+ 1)) then, by the Garnir relation Ry ((1.)},{(1,j4+1)}, We have
e(t) = e(t - 7); therefore if ¢ and t' are tableaux differing only in the order
of the entries in the top row (excluding the top-left box), then e(t) = e(t').

Hence the quotient map factors through
/\pﬂ+1 Sym? 7" E @ Sym?” Sym? "’ E.
It follows, using both parts of Lemma 11.9, that
D(v(p°‘+1,1pﬁ) Sym? 7’ E)
- D(/\pﬁJrl Sym? "’ E @ Sym?” Sym? "’ E)
C DA Sym?P P’ B) 4 D(Sym?” Sym?” 7’ E).

Applying the Wronskian isomorphism A" P+ SymP TP E =~ Sym,s 4 Sym?" E

from Theorem C, this becomes
D(v(paﬂ,u’ﬁ) Sym? t7° E)
C D(Symys44 Sym?” E) + D(Sym?” Sym? 7" E).
From Lemma 11.13 we have
D(Sym? Sym?” *?" E) = {0, p*7, p*e, ptl 4 prtey,
D(Symysq Sym” E) = {¢p” [ 0<e<p’ +1}.

It is clear that 1, p%, p® and p®™¢ — p° are not in this set. O
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11.4. Defect sets for hook Weyl endofunctors

In this subsection we show that AV, viewed as a submodule of the
partition-labelled exterior power /\)‘, V', contains the highest weight vector of
/\)‘/ V. We use this fact to compute the defect set D(A(“+1’1b)V) by working
in /\(“H’lb)l V', which has a canonical basis labelled by column standard

column tabloids of shape (a + 1,1%) (see §1.5).

Lemma 11.18. Let V be a KSLo(K)-module with a basis {vi,...,v;} of
weight vectors, in which v; has weight r;, for some integers r1 < -+ <11 <
r;. Let X be any partition, and let tymax be the semistandard tableau obtained by
filling each column from the bottom with integers decreasing from l. Suppose
that | K[> 1423 ey Ttmax(v)- Then the unique highest weight vector |tmax|
of /\X V is contained in ANV In particular, D(AMV) = D(/\X V).

PROOF. Let t,,.. be the tableau obtained from tp.y by reversing the

/

order of each column; thus ¢,

(i,j) =1+ 1 —i for all 4,j. In particular,
) = It

|tmax| € ANV as required. O

+|tmax|, SO

the row stabiliser of ¢/ .. is trivial and hence o(t ax| =

max

Remark 11.19. It is possible to deduce this result without the complete
description of AM from §3. It suffices to observe that AV, defined as
the dual (V*V°)°, has highest weight equal to the highest weight of /\’\l v
(each with weight space of dimension 1), and that the map e* from the proof
of Proposition 3.13 used to view AV as a submodule of /\/\l V' does not

annihilate the unique highest weight vector (see [McDW22, Lemma 6.18]).

Lemma 11.20. Let a,b,l € N. Suppose that |K| > 1+2(a+b+1)I—b(b+1).
Then 1 € D(A(‘H‘l’lb) Sym; E).

PrOOF. In light of Lemma 11.18, the claim is equivalent to
1€ D(A\" Sym; B ® (Sym, E)®%).

A unique highest weight vector of /\bJrl Sym; E ® (Sym; £)®® is the column

tabloid for the tableau t;,,x from Lemma 11.16; let s be the column standard



130 III. MODULAR PLETHYSTIC ISOMORPHISMS

tableau obtained from ty,,x by reducing the entry in box (1,2) by 1. Then

tmax] = (XE @Y E0)™m A A XO) (X®l)®a,

|S| — ((X®l—b®y®b)sym A A X®l) ® (X®l—1®y)sym Q (X®l)®a—1‘

The coefficient of |s| in M, |tmax| is the coefficient of (X®!~1 @ Y)¥™ in
M, X®! which is 7. Thus |s| is in the K B-submodule generated by the
highest weight vector, giving the required element of the defect set. ([

Lemma 11.21. Let o, B3,e € N with a # 8 and «a,5 < €. Suppose that
K| > 1+42(p° +p”)(p* +p° +1) = p°(p° + 1). Then

(i) p* € D(AP"+LI") gy 07 Fy;

(ii) 1, p® & D(AP+11") Symp*+9" |y,

PROOF. As in the proof of Lemma 11.20, we use Lemma 11.18 to work in
AP L Sym? P E @ (Sym? 7’ E)®P” rather than AP +117) Sym? 7" E.

The highest weight vector of AP’ ™! Sym?” 7" E @ (Sym? +?” E)®r" is
the column tabloid for the tableau #,,,x from Lemma 11.17; let s be the
column standard tableau obtained from t,,,x by reducing the entry in box

(1,2) by p®. Then

|tmax’ = (XpEYpﬁ Ao A XpEerﬁ) ® (pr+p5)®pa,

ls| = (XPYPT A A XPTHPT) @ XPTY P (X)L

The coefficient of |s| in M, |tymax| is the coefficient of XP YP” in M, XP 7"
which is 7PB (pE;;p B) # 0. Thus |s| is in the K B-submodule generated by the
highest weight vector, proving (i).

For (ii), we use Lemma 11.9(ii) and the Wronskian isomorphism (Theo-

rem C) to find that

D( /\pﬁ'H Sympeﬂﬂﬁ E® (Symps+p5 B)#r7)
C DN Sym? " E) + D(Sym?”’ " E) 4 - + D(Sym”’ " E)

= D(Symys 1 Sym?” E) + D(Sym?’ 7" E) + - - - + D(Sym? ™" E)
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where there are p® copies of D(Sym?’*?° E). Lemmas 11.11 and 11.13 give
D(Sym” 7" E) = {0,p”, p°,p" + p°},

D(Symys, Sym” E) ={cp® | 0<c<p’+1}.
Since o < € and «a # (3, it is clear that 1 and p® are not in this set. O

Remark 11.22. We remark on two interesting facts about AV and its
defect set, which can be used to give alternative proofs of the above lemmas
in special cases.

(i) Suppose K is infinite and V' = E' is the natural representation of
GL,(K). The module AME is generated by its unique highest weight vector
(as shown in [EGS08, (5.3b)], and noted earlier in Remark 3.14). By [Hum?75,
Proposition 31.2], the submodule of /\)‘/ E generated by its highest weight
vector is the same whether we act by B or all of SLa(K); thus in this case we
have that every weight of A*E contributes to the defect set. That is, writing
m for the highest weight, we have D(A*V) = {d € Ny | (A E),,_2q #0}.

(ii) Using Lemma 11.9 and the result from Lemma 11.18 that D(AMV) =
D(/\X V), we find that D(A*V) C Z;‘;l D(/\’\g' V). When K is algebraically
closed, it can be shown that this is an equality: indeed, under the conditions
of Lemma 11.9, there is equality D(V @ W) = D(V)+D(W) because any two
matrices M, and Ms are conjugate in SLo(K) by diagonal matrices, and so,

up to a scalar, Myv ® Msw is equal to M, (v ® w) for some suitable x € K.

11.5. Proof of Theorem E

We are now ready to prove the main theorem of this section.

Theorem E (Obstructions to the conjugate hook partition isomorphism).
Let o, B, ¢ € N with a < 8 < e. If K has characteristic p and |K| >
1+2(p° +0°)(p* +p° + 1) —p*(p* + 1), then the eight representations of
SLo(K) obtained from AP +1,17) Sym? P’ E by any combination of

e replacing A with V,

e replacing Sym™ with Sym_,

e swapping o and (3,

are pairwise non-isomorphic.
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ProoOF. From Lemmas 11.17 and 11.21 we have

1, p%, pB, pote — pf @ DV TLIP) GumP +p7y 5 pite

1, p, p?, pPte —p @ DV L) Sy 4T 5 ke e

1" # D

(

1, p @ D(AP ) gy +9%) 5 0

AP+1,17 Symp“rpﬂ) 5 p?

and from Lemmas 11.16 and 11.20 we have that 1 lies in each of the defect sets
where Sym™ is replaced with Sym_. Thus it is clear that the four modules
whose defect sets are displayed above are pairwise non-isomorphic, and that
none is isomorphic to any of the four modules obtained by replacing Sym™
with Sym_. Finally, by applying contravariant duality to an isomorphism
between any two of the latter four modules we would obtain an isomorphism
between two modules defined using Sym™. Therefore no two of the latter

four modules are isomorphic. ([l



CHAPTER IV

The Specht module under the

inverse Schur functor

As usual, let K be a field, let n,r € N, and we consider modules for the
symmetric group S, and the general linear group GL,(K).

The main results of this chapter are the following descriptions of the
image of the Specht module under the inverse Schur functor Gg = Gg. Note
that although the definition of the Schur functor F (Definition 6.5) requires
n > r and that K is infinite, the definition of Gg (Definition 6.12) does not,

and the main results of this chapter hold without these requirements.

Theorem F. Suppose K has characteristic not 2 and let \ be a partition

of r. Then there is an isomorphism Gg(S*) = VA E.

Theorem G. Suppose K has characteristic 2 and let X\ be a partition of
r. There is a surjection Gg(S*) — VAE, which is an isomorphism if \ is
2-reqular, or if Ay = Ao = A3 + 2 and A minus its first part is 2-reqular.
Supposing also n =1 — 2, if A is not of this form then the surjection is not

an isomorphism.

Here E is the natural n-dimensional representation of GL,,(K) and S*
is the Specht module for S,. These results appear in the author’s [McD21].

Our approach utilises our constructions of the Specht and dual Weyl
modules as quotients of suitable exterior powers by the Garnir relations. In
§12 we obtain a description of the image of the Specht module as a quotient
space similar to the dual Weyl module, with an important difference in
characteristic 2: repeated entries in a column of a tableau do not cause
the labelled element to vanish. We deduce that the isomorphism holds in
characteristics other than 2 always, obtaining Theorem F, and that it holds
in characteristic 2 if and only if every element labelled by a tableau with a
repeated entry in a column can be written as a linear combination of the

133
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‘Garnir relations’ in this setting (skew Garnir relations). Assessing for what
partitions this condition holds is the goal of §13.

We prove various additional results about the image of the Specht module
in characteristic 2 in §14: we demonstrate that the image need not have a
filtration by dual Weyl modules, we bound the dimension of the kernel of
the quotient map in Theorem G, and we give some explicit descriptions for
particular cases. We also deduce the following corollary, identifying some

new examples of indecomposable Specht modules in characteristic 2.

Corollary H. Suppose K is infinite and has characteristic 2. Let \ be a
partition such that Ay = Ao > A3 4+ 2 and such that A minus its first part is

2-reqular. Then S* is indecomposable.
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12. Quotient construction of the image of the Specht module

In this section we present an explicit model for G (S?) in all characteris-
tics. The isomorphism Gg (S*) =2 VA E stated in Theorem F for characteristics

not 2 follows immediately.

12.1. Skew column tabloids

To describe the image of the Specht module under Gg, we require a
modified notion of column tabloid, which we introduce in this subsection.
Recall that in §1.5 we defined a column tabloid as an element ¢ + Jaj; in

the quotient Tbx)‘(V)/JNt7 where Ja; is the subspace
Jaie = (z € ToxM(V) | -7 = x for some transposition 7 € CPP(\) ).
We now consider a different subset to quotient by. Define
Jsk=(z-0—xsgno | z € Tox*(V), o € CPP(\) ).

Note that Jsx C Jai with equality if char K # 2. In characteristic 2, the
additional elements of Jaj; are the tableaux with repeated entries in a column;

that is:
Jaie = Jsi + (t € Tbx*(V) | t has a repeated entry in a column ).

Definition 12.1 (Skew column tabloid). The skew column tabloid corre-

sponding to a tableau ¢ is the element  + Jgj in the quotient Tbhx*(V)/Js.

When we wish emphasise that a column tabloid as defined in §1.5 is an
element of Tbx*(V')/Jai and not a skew column tabloid, we describe it as
an alternating column tabloid.

We write the skew column tabloid corresponding to a tableau ¢ as ||¢t||,
and draw a skew column tabloid by deleting the horizontal lines from a
drawing of the corresponding tableau and double-striking the vertical lines,

as depicted below in the case A = (3,2).

1
3

2
)

4]

1|2 \
t= . == |ltll =
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Depending on the characteristic, the space of skew column tabloids is

isomorphic as a K G-module either to an exterior power or symmetric power:

Tbx)\(v)/ -~ /\)\ Vv if char K 7é 2,

Jsk = ,
>k Sym™ V if char K = 2.

For convenience, we define the skew symmetric power Sk™ to be the symmetric
power Sym~ in characteristic 2 and the exterior power A\~ otherwise. We
use SkMV to denote the space of skew column tabloids.

As is already clear, the definitions of alternating column tabloids and
skew column tabloids agree in characteristics other than 2. The definitions
also agree if we restrict to tableaux of symmetric type.

Both alternating and skew column tabloids have the property that, for
o € CPP()\), the equalities

|t -o| = |t|sgno
It oll = [[t][sgno

hold. The key difference between the two definitions of tabloids is that
alternating column tabloids furthermore have the property that if ¢ has a
repeated entry in a column then |t| = 0, whereas skew column tabloids do
not have this property in characteristic 2. It is for these properties that the
tabloids are named: an alternating column tabloid resembles an alternating
multilinear form, whereas a skew column tabloid resembles a skew symmetric
multilinear form.

There is a surjection d: SKNV = /\)‘/ V defined by K-linear extension of
5: ||l = [t

This map is easily seen to be G-equivariant. The kernel of § is the subspace
spanned by skew column tabloids with repeated column entries.
We define skew Garnir relations analogously to Garnir relations, as

follows.

Definition 12.2 (Skew Garnir relations). Let (¢, A, B) and S be as in the

definition of a Garnir relation from §1.7: ¢ is a tableau of shape A with
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entries in B, 1 < j < j' < A1, A C colj(A) and B C coly(\) are such that
|A| +|B| > X, and S is a set of left coset representatives for S4 x Sp in
Saup- Then the skew Garnir relation labelled by (¢, A, B) is

Ritam = 2 IIt- 7llsgn.
TES
Let SkKGR*(V) denote the subspace of SKN'V which is spanned by the Garnir
relations.
If we wish to emphasise that a Garnir relation as defined in Definition 1.8
is an element of /\’\l V' and not a skew Garnir relation, we describe it as an

alternating Garnir relation.

Just as for the alternating Garnir relations, a skew Garnir relation does
not depend on the choice of coset representatives, and the K-subspace
SkGRA(V') is moreover a K G-submodule because the group action commutes
with the place permutation action.

We likewise define certain distinguished skew Garnir relations.

Definition 12.3 (Skew snake relations and basic skew snake relations). A
skew Garnir relation is called a skew snake relation under the same conditions
described for Garnir relations in Definition 1.10: if, in the notation of
Definition 12.2, 7' = j + 1 and there exists i such that A = {(z,7) | 7 <
z < N;}and B = {(z,j') | 1 <2 <i};in this case, we may also label
the Garnir relation by (¢,%,7). Given a function ® on column semistandard
tableaux which are not row semistandard whose output on such a tableau ¢
is a box (7, 7) such that ¢(i,j) > t(i,j + 1), a skew snake relation labelled by
(t,1,7) is called ®-basic if t is column semistandard but not row semistandard
and (i,7) = ®(¢) (that is, under the same conditions described for Garnir
relations in Definition 2.14, with “column standard” replaced with “column

semistandard”).

The image of a skew Garnir relation R?tk 4,p) under 5: SKNV — /\)‘l V' is

of course the Garnir relation R 4 p). However, R?tk A,p) May have nonzero

summands which vanish under 4.
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12.2. The image of the Specht module

We can now use the skew column tabloids and the skew Garnir relations
to model the image of the Specht module under the inverse Schur functor.
Recall W denotes the natural permutation representation of S,, with the
property that S* = ngm

of GL,,(K). We view the basis of W as [r]; let B denote a basis for E.

W, and that E denotes the natural representation

Lemma 12.4. Let n and r be any integers.
(i) There is an isomorphism Gg (A, W) = SKVE.

sym

(ii) There is a short exact sequence
0 — SKGRME) —— SKME —— G5(SY) —— 0

in the category of KGLy,(K)-modules.

PROOF. [(i)] Given a pure tensor r = z1 ® - -+ ® x, € E®" whose factors
are basis elements in B, and given also a tableau u of symmetric type of
shape A with entries in [r], let x,, denote the tableau of shape A with entries

in B defined by
Ty (b) = Ty ()
for all b € [A].
Fix any tableau s of symmetric type with entries in [r]. We claim there
are mutually inverse K GL,, (K )-isomorphisms ¢: Gg( N W) — SkMV and

sym

Y: SKNV = G /\g‘;,m W) given by K-linear extension of

p(x @Ks, [u]) = (|l

and
P([ltl]) = Q) t(s™ 1) ®xks, |s|
i€]r]
for all elements x and u as above and all tableaux ¢ with entries in B. For

example, with A = (3,2) there is a correspondence between elements

1
3

2
5

4‘ 1|2 33‘4”

T1 Q- Q25 QKS,

I3 |5

under ¢ and .
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Verifying that ¢ and v are well-defined and mutually inverse consists
mostly of bookkeeping; we perform this task in the following pair of claims.

Recall that S, acts on the left of W, and hence entrywise on tableaux
with entries in [r] on the left, and that we denote this action by concatenation;
meanwhile S[y) acts by place permutation on tableaux on the right, denoted
by a central dot. To translate between these groups (which unfortunately
requires a mix between writing tableaux as functions on the left and writing
permutations on the right), we use the chosen tableau s: given an element

T € S\, we define 7% € S, by
it = s((sili)T).

For convenience we write 7-° = (771)* = (7%)7!. Note that 75s = s -7

(because (75s)(b) = (s(b))77% = s(br™') = (s - 7)(b) for any b € [A]).
Claim 12.4.1. The maps ¢ and ¥ are well-defined.

PROOF. For ¢, we use the universal property of the tensor product.
Consider the K-bilinear map E®" x /\;‘}l,m W — SkMV defined by extension
of (z,|ul) = [|z||; indeed this is well-defined because for any 7 € Spy) we
have Ty.-(b) = Typr-1) = (zy - 7)(b) for all b € [A]. The map is also S,-
balanced because for any o € S, we have 25, (b) = Ty@p)o—1 = (- 7)) for
all b € [A]. This bilinear map induces the map .

For ¢, observe that for 7 € S[); we have that
(t- 7)) = (T ) = (s )

by definition of —%, and hence

w(llt-ll) = @ t(s7 7)) @xcs, s

i€]r]

- <® t(s—lz')) 7" Ok, |s|

i€]r]

L ®Ks, T°|s|

L

)
) ®Ks, |s-T|.

® t(s™
i€[r]
® t(s™
i€lr]
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Thus if 7 € CPP(X) then ¢(||t - 7||) = sgn(7)¥(]|t]|) as required. O
Claim 12.4.2. The maps ¢ and ¢ are mutually inverse.

ProoF. To see that ¢ = id, observe that if ¢ is a tableau with entries
in B, then the element x = ®i€[r]t(3_1i) is such that zs(b) = w3 =
t(s~1s(b)) = t(b), so x, = t.

To see that 1 ¢ = id, suppose x € E®" is a pure tensor of basis vectors
and that u is any tableau of symmetric type with entries in [r]. Note that
there exists a unique place permutation 7 € Sy such that s -7 = u, that is,

such that u(b) = s(br~ 1) for all b € [\]. Then

Ty (s71) = Lu(s=li) = xs((s*li)‘rfl) = Tjp-s = (2 7°);,
and thus
Yoz @k, [ul) = Q) wu(s™'i) @k, 5]
i€[r]
= (¢ 1) s, |3
=2 Qks, |s- 7]
=T ®Ks, |ul
as required. 0

It is clear from multilinear expansion of tableaux that ¢ and i are
GL, (K )-equivariant. This completes the proof of (i).

[(ii)] By Proposition 2.16, there is a short exact sequence

0 —— GRA_ (W) —s AN vy o 0

Sym sym
where ¢ denotes the inclusion map. Since Gg is right-exact, applying it to
this sequence we obtain an exact sequence ending

[410)

3 Ga(GRA,, (W) G (N W) g (9% — 0.

Sym

Applying the isomorphism ¢ from (i), we have a short exact sequence

0 —— impGe (1) — SKNV —— Go(S) —— 0
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and it suffices to show that im pGg (1) = SKGR (V).

The image im pGg(¢) is spanned by elements of the form

o(r @Ks, Ri,a,))

where t is a tableau with entries in [r], A and B are subsets of [A] as in
the definition of a Garnir relation, and z is a pure tensor whose factors are
basis elements of E. Fix such ¢, A, B and x, and let S be a set of left coset
representatives for S4 x Sp in Sa,p. Then, using that xs., = x4 - o for any

o € 5[y, we have

o(z ®Ks, Rit,a,B)) = Z p(xr ks, [t 7|sgn7)

TES

= Z ||| sgn T
TES

= Z ||z - 7|| sgn T,
TES

which is a skew Garnir relation labelled by (z, A, B). Since also any tableau
with entries in B can be written in the form z; for suitable x and ¢, we have

that im pGg (1) = SKGRM(V') as required. O

Proposition 12.5. The following diagram in the category of KGL,(K)-
modules is commutative with exact rows and exact columns. In particular,
there is a surjection Gg(SN) — VAE which is an isomorphism if and only if
ker § C SkGR*(E).

0 — 5 kerdler —— SKGRMNE) 2. GRMNE) —— 0

0— skerd— s SKE—2 s AVE——0

0 —— kerd s Ga(8Y) —— VE—— 0

er0|gr
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Proor. Clearly the first column and the first two rows are exact and
the top two squares commute. The third column is exact by Proposition 2.13
and the second column is exact by Lemma 12.4.

The existence of the maps in the third row and the commutativity of the
bottom two squares follow from the universal properties of the objects in
the third row as cokernels. The map from Gg(S?) to VAE is surjective by
surjectivity of ed and the commutativity of the diagram. Exactness at the
remaining two objects in the third row follows from (a degenerate case of)
the snake lemma.

It is clear from the diagram that the surjection G (S*) — V*E is injective
if and only if ker § = ker §|gR, or equivalently ker § C SkGR*(E). O

From this proposition we can immediately identify the image of the
Specht module in characteristics other than 2 (when 6 is an isomorphism),

obtaining the first main result of this chapter.

Theorem F. Suppose K has characteristic not 2 and let \ be a partition

of 7. Then there is an isomorphism Gg(S*) = VAE.
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13. Combinatorics of skew Garnir relations

The goal of this section is to identify for which partitions the necessary
and sufficient condition from Proposition 12.5 holds in characteristic 2. This
condition asserts that a skew column tabloid with a repeated column entry
can be written as a linear combination of skew Garnir relations.

Our classification of partitions is proven in §13.2. To reach it, we must
first identify a spanning set for the space of skew Garnir relations, which we
do in §13.1.

Although our application concerns representations of the general linear
group, in this subsection the group action is irrelevant, so we state our results
for an arbitrary representation V of an arbitrary group G, of dimension d

and with ordered basis B. We work in characteristic 2 throughout.

13.1. Spanning set for the skew Garnir relations

We begin by observing that the basic skew snake relations are not

sufficient to span the space of skew Garnir relations.

Example 13.1. Suppose A = (2,1) and ¢t = } U Then

1 1

1

1
1

1
1

R?tljl,l) = ! H

Ll

Ll

Ll _

which is nonzero (in characteristic 2). By contrast, R 1,1) = 0.

Since t is the unique tableau of its weight, and since there is only one
Sk
(t7171)

is the unique (nonzero) skew Garnir relation of this weight. However, R(Stkl 1

possible choice of subsets of [\] to define a Garnir relation, the relation R

is not basic, and so cannot be written as a linear combination of basic skew

snake relations.

The additional skew snake relations we require to form a spanning set
are defined below. To prove that they span, we introduce additional symbols
to force the tableaux to have distinct entries, then use the basis for Garnir
relations of symmetric type identified in Proposition 2.17 and map back

down to the case of interest.
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Definition 13.2 (Supplementary skew snake relations). A skew snake re-
lation labelled by (t,14,7) is called supplementary if t is row-and-column

semistandard and t(7,7) = t(i,5 + 1).

Proposition 13.3. The basic and supplementary skew snake relations to-

gether span SKGRMV).

PRrROOF. Recall that the set in which our tableaux take entries is an
ordered basis B of V. Let BY = B x [r], ordered lexicographically, and let
V'V be the K-vector space with basis BY. Let m: BY — B be the surjection
defined by 71 (x, k) = x. Extend 7 to a map on tableaux by acting entrywise.
This map is also surjective, and remains so on restriction to tableaux of
symmetric type: given any tableau ¢ with entries in B, there exists a tableau
tV with entries in BY such that 7 (¢t") = ¢, formed by replacing each = € B
with (z,k) for some k € [r], and these k € [r] can be chosen such that all
entries in ¢tV are distinct.

The map 7 induces a K-linear surjection 7y : GRS’\ym(VV) — SKGRM(V)
defined by sending each column tabloid of symmetric type |tV| to the skew
column tabloid ||my (¢¥)]]; that is, 71(Rv,a,8)) = REK, vy, 4 p)) for any label
(tV, A, B) for a Garnir relation in GR;‘ym(V\/). This is well-defined because
for tableaux of symmetric type ¢/ and ty, there is equality |t} | = £|ty] if
and only if ¢/ and ¢y have the same column sets (this is not the case for
general tableaux: we may have equality || =0 = [tY| in A V'V despite an
inequality [|m1 (£))]| # [|71(t3)]] in SKN'V, when the tableaux have distinct
column sets but some repeated column entries).

Let ® be the function with respect to which we consider skew snake
relations in SkKGR*(V') basic. Choose a function ®" to consider snake relations
in GR},,,,(V'") basic with respect to, chosen with the property that ®V(t") =
& (71 (t")) whenever ®(m1(tY)) is defined (that is, whenever my(t¥) is not
row semistandard). Indeed this is possible: when it is defined, the box
O(m(tY)) = (4,7) satisfies ¥ (i, ) > tY(i,j + 1) by considering the first value

of the pair in each box (that is, the image under 7).
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Proposition 2.17 tells us that, in GR), _(VY), the ®"-basic snake relations

sym
of symmetric type form a basis. Therefore the image of this set under 7; is a
spanning set for SkKGR*(V'). It suffices to show that this image is the union
of the sets of basic and supplementary skew snake relations.

Consider a skew snake relation R?tki ;) € SKG R*(V) which is either ®-basic

or supplementary. We aim to show there exists a tableau ¢V with entries in
BY such that (") =t and (i,7) = ®"(t") (and hence Ry ; ;) is ®V-basic

I A s Sk Sk
and its image under 7 is R(t,i,j))' If R(t,z’,j)
such that 71 (tY) = t; since t is not row semistandard, neither is ¢, and so

by choice of ®¥ we have ®V(tV) = ®(t) = (4,7). If R?tkij)

then ¢ is row-and-column semistandard, and so for any choice of ¢tV such

that w1 () = t we have that the first values of the entries of ¢tV weakly

is ®-basic, then choose any ¢V

is supplementary,

increase along rows and columns. Choose the second values of the entries
of tV such that tY(i,7) > tV(i,7 + 1) and such that elsewhere the second
values strictly increase along rows and columns (for example, by filling in the
entries left to right of each row in turn, then swapping the entries of (i, j)
and (4,7 +1)). Then ¢ and j are unique such that ¢¥(,5) > tV(:,7 + 1), and
hence ®V(tV) = (4,7).

(VV). We aim to

is either ®-basic

Now consider a ®"-basic snake relation Rav.ij) € GR;‘ym

show that the skew snake relation 71 (R ; j)) = R%ﬁl(tv)ﬂ.’j)
or supplementary. If w1 (¢t¥)(4,7) > 71 (tV)(i,5 + 1), then 7 (V) is not row
semistandard and, by choice of @V, we have that (i,7) = ®V(tV) = ®(m1(t"))
and hence (71(t"), 1, j) labels a ®-basic skew snake relation. If 71 (¢V) (i, j) =
m(tY) (4,5 + 1), then m1(t") is row semistandard (or else ®(m(¢")) would
be defined and not equal to (i,7) = ®V(¢V)), and so (m1(tY),i,7) labels a

supplementary skew snake relation. O

The spanning set identified in Proposition 13.3 is in general not a basis:
the supplementary skew snake relations may not be linearly independent.
Indeed, a supplementary skew snake relation may even be zero, as evidenced

in the following example.
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A
77N

146 IV. THE SPECHT MODULE UNDER THE INVERSE SCHUR FUNCTOR

1]1]
Example 13.4. Suppose A = (2,1,1) and ¢ =[2] . Then
2

1 1H 1 1H 1 2H 1 2H
ROy = || 2 + || 2 + |1 + |1 =0.
2 2 2 2

It is plain to see that in fact all skew Garnir relations labelled by tableaux
of this weight vanish; thus no tabloid of this weight appears with nonzero

coefficient in any skew Garnir relation.

Nevertheless it is useful to have the following analogue for skew snake
relations of Lemma 2.10 (which demonstrated the linear independence of the
basic alternating snake relations). In particular, it shows that the basic skew

snake relations are linearly independent.

Lemma 13.5. Let t be a column semistandard tableau, and suppose (i,7) in
such that t(i,7) > t(i,j +1). Then
REEs) = melltll + Y mallul]
u<ct
for some elements m,, in the subring of K generated by 1. Ift(i,7) > t(i,j+1),
then my = 1. Ift(i,j) = t(i,j + 1) and a and b are the multiplicities of t(i, j)

in the sets defining the Garnir relation

A={(z,j) | i<z<N}and B={(z,j+1) | 1<z <i}
respectively, then m; = (a:b).

PrOOF. Analogously to the proof of Lemma 2.10, we observe that the
sets A and B defining the Garnir relation satisfy

tl,7+1) <. < t(E, 5+ 1) <6, 5) <t(i+1,7) <. <L),

and hence that ¢ - o <. t for any o0 € Saup. (The boxes in A and B
and the inequalities between their entries are illustrated in the margin.) If
t(i,j) > t(i,j + 1), then ¢ - 0 ~ t holds if and only if 0 € Sy x Sg. If
t(i,j) = t(i,j + 1), then ¢t - 0 ~ t holds for precisely those permutations

which, modulo S4 x Sp, permute only the boxes containing ¢(i,j). The
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number of cosets of such permutations is the number of ways to choose a
of the a + b copies of the repeated entry to include in the left-hand column.
O

13.2. Writing column tabloids with the Garnir relations

In this subsection, we characterise when there is containment ker § C
SkGRA(V') in characteristic 2. When V = E| this containment is equivalent
to the existence of an isomorphism Gg(S*) = V*E by Proposition 12.5.

Recall §: SKNV — /\)‘l V is the map ||t|| — |t| (defined in §12.1). The
kernel of § is spanned by skew column tabloids with a repeated entry in a
column. We have already seen that such a tabloid may or may not lie in
the space of skew Garnir relations: Example 13.1 exhibited a skew column
tabloid in the kernel of § which is equal to a skew Garnir relation, whilst
Example 13.4 exhibited a skew column tabloid in the kernel of § that cannot
be written as a linear combination of skew Garnir relation because all relations
of that weight vanish. We further illustrate this behaviour with the following

example.

Example 13.6. Fix an element € B, and let ¢ be the tableau whose entries
are all . Provided A has at least two rows, we have ||t|| € ker 6. Meanwhile,
t is the unique tableau of its weight, so it labels all skew Garnir relations of

its weight. All summands of such relations are equal to ||¢||, so

[|lt]| if the number of summands (‘A||Z|‘B|) is odd;

RSk _
(t,A,B) — .
0 otherwise.

Suppose A is a hook partition which has at least two rows and two
columns. Let a > 2 and I > 2 be such that A\ = (a,1"!). Clearly the
skew Garnir relations involving only columns of length 1 have exactly two
summands and hence are zero. The number of summands in a skew Garnir
relation involving the first column is (lel) = [+ 1, which is odd if and only
if [ is even. Thus |[t|| € SKGR*(V) holds if and only if [ is even.
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We now proceed with classifying when ker § € SkGR*(V). Recall we say
that a partition is 2-regular if it has no repeated (positive) parts, and that it

is 2-singular otherwise.

Lemma 13.7. Suppose X is 2-regular, or Ay = Ao > A3+ 2 and \ minus its
first part is 2-reqular. Then ker § C SkKGR(V).

PrOOF. First note that ker § = 0 if A has exactly one row; the lemma
holds trivially in this case, so we may assume that \ has at least two rows,
and hence that there exist tableaux ¢ such that ||t|| € kerd. Since A has
at least two rows, if A is 2-regular then A\; > Ao > Aj3; thus under either
hypothesis we have \; > Az + 2.

Let ¢ be a tableau such that ||¢|| € kerd. Then ¢ has at least one column
with repeated entries; let j be the index of the rightmost column in which
t has repeated entries. Let a; and ag be boxes in column j such that
t(a1) = t(a2). We proceed by downward induction on j.

Suppose j > A3. Since A; > A3 + 2, there exists some j' # j such that
A3 < 7' < M. We have )\;- < 2 and )\;., < 2. Let b be any box in column j,
and set A = {a1,a2} and B = {b} (or vice versa if j* < j). Then (¢, A, B)

labels a Garnir relation, and

R a,m) = LI+ 11t (a1 B)I] + It - (a2 D))

= [Itl|

since t(ay) = t(az). Thus ||t|| € SKGR(V) as required.

Now suppose j < Az. Since A minus its first part is 2-regular, we have
that column j is at most one box longer than column j+1. Set A = {a1, a2}
and B = colj;1[A]. Then (¢, A, B) labels a Garnir relation, and

R am = Itl+ D [t (a1 bi)(az bo)|
{b1,b2}CB
because the summands corresponding to permutations where only one box
of A is moved cancel out. The tableaux t - (a1 b1)(ag2 bg) in the above sum

have a repeated entry in column j + 1, so by the inductive hypothesis their

skew column tabloids lie in SkGR*(V'). Hence so does |[t]|. O
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Lemma 13.8. Suppose A is such that A minus its first part is 2-singular,
and suppose |B| > — 2. Then ker§ € SKGRM(V).

PROOF. Let d = |B|, and view B = [d]. Pick any k£ > 1 such that
M = Aer1 > 0. Set v =1+ Z’;;% Aa, and let a be the weight in which z
has multiplicity Agx—1 + Ax + Ax+1, and all other positive integers up to and
including r+1— (Ag—1 + A + Ak+1) have multiplicity 1 (and all other integers
have multiplicity 0). Let t be the <.-greatest row-and-column semistandard
tableau with weight «; this indeed exists because the required inequality
IB| =7+ 1— (Ag—1 + Ak + Ag41) follows from the assumption |B| > r — 2.
Explicitly, ¢ is defined by

/DD f1<i<k—2
t(i,j) = § = ifk—1<i<k+1
j+z+ Yt paoda i E4+2 <0 <A
For example, if A = (6,6,3,3,2,1) and k = 3, then z = 7 and

314|156
7|7

7
7
7

oo | ||+
O | ||

10

We aim to prove that ||t|| € ker§ \ SkGR*(V). Clearly ||t|| € kerd. To
show that ||t|| is not an element of SkKGR*(V), we require the following
property of t. Given a skew Garnir relation, we say the leading tableau of
the relation is the <.-greatest column semistandard tableau whose tabloid

has nonzero coeflicient in the relation.

Claim 13.8.1. If u is the leading tableau of a supplementary skew snake

relation and is of weight o, then u <.t (where a and t are as defined above).

ProoOF. Consider a supplementary skew snake relation labelled by (s, 1, j)
(so that in particular s is row-and-column semistandard). The leading tableau

of this skew snake relation is at most s by Lemma 13.5. If s is of weight «,



150 IV. THE SPECHT MODULE UNDER THE INVERSE SCHUR FUNCTOR

then by maximality of ¢ we have s <. t or s = ¢t. Thus it remains only to
show that ¢ is not the leading tableau of a supplementary skew snake relation
labelled by (t,1, 7).

Consider the sets A and B defining the skew Garnir relation R%t‘fi,j).
a be the multiplicity of £(i, 7) in A and b the multiplicity of ¢(, j) in B. Using

Let

Lemma 13.5, the coefficient of ||t|| in R(Stlfi,j) is (a;rb), so we are required to
show that (a::b) is even.

By construction of ¢, a supplementary skew snake relation labelled by
(t,i,7) has i € {k — 1,k,k + 1}. We assess each possibility:

e ifi=Fk—1and j < Mg, then a =3 and b =1, and indeed (g) =4 is

even;

e ifi=k—1and j > A\, then a =b =1, and indeed (?) = 2 is even;

e if i =k, then a = b = 2, and indeed (3) = 6 is even;

e if i=k+ 1, then a =1 and b = 3, and indeed (411) =4 is even. ([

Returning to the proof of the lemma, suppose towards a contradiction that
|[t|] € SKGR*(V'). Then there exists some linear combination v of (nonzero)
basic and supplementary skew snake relations of weight « such that v = ||¢|].
Consider the basic and supplementary skew snake relations with nonzero
coefficient in v, and consider the set of their (column semistandard) leading
tableaux. Let u be <.-greatest in this set. We cannot have u <. t (or else
||t|| does not occur in any of the relations with nonzero coefficient in «y), and
so Claim 13.8.1 says that u is not the leading tableau of a supplementary
skew snake relation. Hence u is the leading tableau of a (unique) basic skew
snake relation, and furthermore labels that relation (since by Lemma 13.5
the leading tableau of a basic skew snake relation is its labelling tableau).

By maximality of u, the basic skew snake relation labelled by u is the
unique relation with nonzero coefficient in  which has ||u|| as a summand.
Thus ||u|| has nonzero coefficient in 7, and hence ||u|| = ||¢||. Since v and ¢
are both column semistandard, we have u = t. But ¢ is row semistandard,

which contradicts that u labels a basic skew snake relation. O
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Lemma 13.9. Suppose \y = Aoy = A3 + 1, and suppose that |B| > r — 2.
Then ker §  SKGRMV).

ProOF. We argue as in the proof of Lemma 13.8 with a different choice
of t. Let d = |B|, and view B = [d]. Let a be the weight in which 1
has multiplicity A1 + A2 + A3, and all other positive integers up to and
including r + 1 — (A1 + A2 + A3) have multiplicity 1 (and all other integers
have multiplicity 0). Let t be the <.-greatest row-and-column semistandard
tableau with weight «; indeed such tableaux exist as the required inequality
|B| = r+1—(A1+ A2+ A3) follows from the assumption |B| > r—2. Explicitly,
t is defined by
1 if1<i<3
t(i,j) = .
FAHTEYLN, if4<i <N
For example, if A = (5,5,4,3,1), then

11111
1(1(1]1]1
t=|1|1|1]|1
21314

We deduce, using Lemma 13.5 as in the proof of Claim 13.8.1, that
t satisfies u <. t for any u of weight o which is the leading tableau of a

supplementary skew snake relation. Then arguing as in the final paragraphs

of Lemma 13.8, we conclude that ||t|| € kerd \ SkKGR*(V). O

Combining Lemmas 13.7 to 13.9, we have the following characterisation
of when ker § C SkGR*(V).

Proposition 13.10. There is containment kerd C SKGRM(V) if \ is 2-
reqular, or if Ay = Ao = A3 + 2 and A minus its first part is 2-reqular.
Supposing |B| = r — 2, if X is not of this form then ker § ¢ SkKGRN(V).

Remark 13.11. In Lemmas 13.8 and 13.9 and Proposition 13.10, the re-
striction on |B| is required to ensure that we can choose a tableau with

entries all distinct except for in three specified rows. The restriction on
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|B| can be weakened if we permit dependence on \: in Lemma 13.8, it is
sufficient to require that |B| > r 4+ 1 — (Ag—1 + A\x + A\ky1) where k > 1 is
minimal such that Ay = Agy1; in Lemma 13.9 it is sufficient to require that

IB| >7+1— (A + Ao+ A3).
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14. The image of the Specht module in characteristic 2

The second main result of this chapter, restated below, is now clear by

combining Propositions 12.5 and 13.10.

Theorem G. Suppose K has characteristic 2 and let \ be a partition of
r. There is a surjection Gg(S*) — VAE, which is an isomorphism if \ is
2-reqular, or if Ay = Ao = A3 + 2 and A minus its first part is 2-reqular.
Supposing also n = r — 2, if X is not of this form then the surjection is not

an isomorphism.

In the remainder of this chapter, we establish a variety of other results
concerning Gg(S?) in characteristic 2. Each of the following subsections is
logically independent.

In §14.1 we use our new knowledge of the module Gg(S?) to deduce the
indecomposability of some Specht modules in characteristic 2. In §14.2 we
show that a lower bound on n that grows with r in Theorem G is necessary.
In §14.3 we restrict the possible composition factors of the kernel of the
surjection in Theorem G and bound its dimension growth. In §14.4 we identify
the composition factors of Gg(S*) when 7 < 5 and deduce that Gg(S*) need
not have a filtration by dual Weyl modules. In §14.5 we describe Gg (S*) for

some particular partitions and values of n.

14.1. Some indecomposable Specht modules

In characteristics other than 2, all Specht modules are known to be
indecomposable, and in characteristic 2 those indexed by 2-regular partitions
are known to be indecomposable [Jam78, Corollary 13.18]. Determining the
decomposability of the remaining Specht modules is a difficult open problem.
Families of decomposable Specht modules have been identified by Murphy
[Mur80], Dodge and Fayers [DF12], and Donkin and Geranios [DG20]. Here

we identify some new indecomposable Specht modules.

Corollary H. Suppose K is infinite and has characteristic 2. Let \ be a
partition such that Ay = Ay = A3 + 2 and such that A minus its first part is

2-reqular. Then S is indecomposable.
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PROOF. Suppose, towards a contradiction, that S* is decomposable;
write S* = V; @ Vi for Vi, Va nonzero submodules. Choose some n > 7.
The functor G preserves direct sums, so applying it to this decomposition
and using Theorem G we find that V*E = Gg (V1) @ Gg(V2). Note that
Gg(V1) and Gg(Va) are nonzero, since they are mapped by F to the nonzero
modules V; and V5 respectively. This contradicts the indecomposability of
VAE. O

14.2. Requirement on n

In Theorem G, the restriction n > r — 2 is required to ensure the
existence of a certain tableau, though the restriction can be weakened if
we permit dependence on A (as noted in Remark 13.11). It is possible
for the isomorphism Gg(S*) = VAE to fail for n > r — 2 but hold for
some n < r — 2. Furthermore this may happen for arbitrarily large n, as
demonstrated by Example 14.1 below, so a lower bound on n that grows
with r is necessary. Bearing in mind that the composition factors of these
modules are independent of n (using Corollary 7.3), this behaviour is due to
G (S?) having composition factors which V*E does not, but which vanish

for small n.

Example 14.1. Fixn € N, and let r =1 + w Let A\=(n+2,n+
1,n,...,2,1,1); that is, A is the partition of r obtained from the 2-core
partition of length n 42 by adding a box to the first column. Clearly A minus
its first part is not 2-regular, so by Theorem G we have that Q%I(SA) %V E
when n’ > r — 2. However, we claim that G2 (S*) = VAE (which is 0 in this
case).

It suffices to show that ker § € SKGR*(E). Let t be a tableau with entries
in B such that ||t|| € kerd. Then ¢ has a repeated entry in some column, and
moreover must have a repeated entry in the second column: there are n + 1
boxes in the second column, so there are insufficiently many basis elements of
E for all of them to have distinct entries. Then the argument of Lemma 13.7
can be applied: we induct downward on the index of the rightmost column

in which ¢ has a repeated entry; since this index is always at least 2, we do



14. THE IMAGE OF THE SPECHT MODULE IN CHARACTERISTIC 2 155

not require any constraint on the first column; all other columns satisfy the
condition of being at most 1 longer than the next, so the argument goes

through.

14.3. Restrictions on the kernel of the quotient map

We would like to know more of the structure of Gg(S*) when Gg (S*) %
VAE. The missing information is a description of the kernel of the surjection
Go(S*) — V*E, which we denote U* (isomorphic to Ker (s/ker6|GR ).

In this subsection we record some restrictions on U*. We show, when K
is infinite and n > 7, that U* does not have 2-restricted composition factors
and does not have a dual Weyl module as a subquotient. We also bound the
dimension growth of U* as n varies, finding that U* grows more slowly than
VAE, so informally VAE comprises “most” of Gg(S?).

Recall F is the Schur functor defined in §6.

Proposition 14.2. Suppose K is infinite and n > r.
(i) F(UY) = 0.
(ii) If L*(E) is a composition factor of U, then u is not 2-restricted.
(iii) VFE is not a subquotient of U for any partition u of r.

PRrOOF. Applying the exact functor F to the third row of the diagram

in Proposition 12.5, we have a short exact sequence
0 —— F(U") —— FGx(S)) —— F(VAE) —— 0.

But FGg(S*) = S* = F(VAE), so (i) follows. It is known that F(L*(E)) =0
if and only if 4 is not 2-restricted [EGS08, (6.4a),(6.4b)], so (ii) follows from
(i).

Every dual Weyl module in characteristic p has a composition factor
L*(E) with p a p-restricted partition (this can be deduced by interpreting,
as in [Jam80], the decomposition matrix for S, as a submatrix of the de-
composition matrix for GL,(K)). By (ii), such a composition factor cannot

occur in U*, so (iii) follows. O

We now bound the dimension of U*. We use big-O and big-© notation:
given functions f and g, the statement f(n) = O(g(n)) means that the
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function f grows asymptotically at most as quickly as g, whilst f(n) =

©(g(n)) means f grows asymptotically at the same rate as g.

Lemma 14.3. Fiz v and allow n to vary. Let M be a K-vector space
with basis labelled by (a subset of) tableaux with entries in [n]. Let U be
a K-subspace of M. Letl > 1, and suppose all elements of U are linear
combinations of basis elements labelled by tableaux with at most r — I distinct

entries. Then dimU = O(d"™).

Proor. Consider L < M the K-subspace linearly spanned by basis
elements labelled by tableaux with at most r —[ distinct entries. There are at
most ((,",) = (”Jr::ll_l) = O(n"!) possibilities for the multiset of entries of
such a tableau (where ((‘;)) denotes the number of multisubsets of size b in a
set of size a), and there are at most (r —[)" possibilities for the arrangement
of a given (r — [)-multiset of entries into a tableau. Thus dim L = O(n" ).

By assumption, U is a subspace of L, and so dimU = O(n" ). O
Proposition 14.4. Fiz r and allow n to vary. Then dimU» = O(n"~1).

PROOF. Skew column tabloids in U* have a repeated entry in a column,
and so have at most  — 1 distinct entries; the proposition then follows from

Lemma 14.3. |

Remark 14.5. The dimensions of the dual Weyl modules are known (given
by the hook content formula [Sta0l, Theorem 7.21.2]), and in particular
dim VFE = ©(n") for all partitions u of r. Thus Proposition 14.4 tells us
that U grows more slowly than any dual Weyl module, and in particular
more slowly than VAE 2 G (S*)/U?. This fact also offers an alternative
proof of Proposition 14.2(iii) when 7 is sufficiently large but which holds also

for finite fields: for large n, U is too small to have V*E as a subquotient.

14.4. Composition factors of the image of the Specht module

In this subsection, we identify the composition factors of Gg(S*) when
r < 5 and K is infinite. The composition factors of VAE are recorded in, for

example, [Jam80, Appendix], so we record only the composition factors of
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the kernel of the surjection Gg(S*) — VAE, which we denote U* as in §14.3.
By Corollary 7.3, the composition factors are independent of n, though some
may vanish for small n.

We use a dimension counting argument to identify the composition factors.
We show the argument explicitly for the case A = (2,2,1) below. The same
approach yields the composition factors of all partitions of r < 5 which we
record following this example. The example of A = (2,2, 1) also demonstrates
that G (S*) need not have a V-filtration (that is, a filtration by dual Weyl
modules), since the multiset of composition factors we identify does not

permit a V-filtration.

Example 14.6 (Composition factors of Gg(S*) when A = (2,2,1) do not
permit a V-filtration). Let r =5 and A = (2,2,1). Suppose n > r — 1. We
view B = [n]. It can be shown directly that for any tableau ¢ whose skew
column tabloid lies in ker §, given any other tableau ¢’ of the same weight there

exist skew Garnir relations v also lying in ker ¢ such that ||t|| 4+~ = ||'||. For

12 11
example, if ¢ =[1]3] and t =[1]3], we can choose v = R(Stkl 1) Furthermore,
1 2 1

no skew column tabloid lies in SkKGR* (E), because all the skew snake relations
have an even number of summands (and so every linear combination of snake
relations is either zero or has at least two distinct column tabloids with
nonzero coefficients). Therefore, in U* there is exactly one distinct element
||t]| + ker d|gr for each weight of tableau that permits at least one repeated
column entry, and these elements are linearly independent. The number
of such weights are enumerated in Table 14.1. This allows us to compute
dimU» = %n4 + %nz.

The dimensions of the simple modules for » = 5 can be computed from
the dimensions of the dual Weyl modules (found using the hook content
formula [Sta01, Theorem 7.21.2]) and the decomposition matrix for GL, (K)
(see [Jam80, Appendix]). These dimensions are recorded in Table 14.2 below.
By Corollary 7.3, the partitions labelling the composition factors of U* are
independent of n for n > r. Thus dim U* = %n4 + %nz is a positive linear

combination of the dimensions in this table.
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dominant weight example tabloid number of weights

(2,13) i 3 4(%)

(22,1) i ) 3(2)

3.12) It 3()

3.2) IE 2(3)

(4,1) i 2 2(5)

(5) 1k n
:

TABLE 14.1. The number of weights of tableaux with entries in [n] which

have at least one repeated entry in a column.

A dim LMNE)

5 1.5 1.4, 7.3 5.2 1
(1°) g’ — n' +an’ — mnt 4 En

(22,1) 310n5 - %n‘g + %nz — %n
(3,12) int — Ind 4+ in?
(3,2) ind — 1n?
(4,1) %n"‘ — %nz

(5) n?

TABLE 14.2. The dimensions of the simple K GL,, (K )-modules of polynomial

degree r = 5.

This allows us to deduce the composition factors of U*. Considering the
coefficient of n*, we first deduce that L3151 (E) must be a composition factor.

Subtracting these dimensions and considering the highest remaining powers
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of n in turn, we deduce that the composition factors of U* are L(?”l’l)(E),
LB2(E) and LO)(E).

These composition factors, together with those of VAE, can then be
compared with the possible composition series of dual Weyl modules (found
from the decomposition matrix for GL,(K)). Doing so reveals that the
composition factors of G () cannot be partitioned into sets of composition

factors for dual Weyl modules, and hence that G (S*) has no V-filtration.

We now state the results for the remaining partitions of r < 5.

For r < 3, the only partitions for which Gg(S*) 2 VAE are the columns
(12) and (13). If A = (12), then U* = LO(E); if A = (13), then U* =
LG)(E). (In fact, in these cases the image Gg(S?) is easily identified: see
Proposition 14.7.)

For r = 4, the partitions for which Gg(S*) % VAE are (1*) and (2, 1?).
For r = 5, the partitions for which G (S*) % VAE are (1°), (2,1%), (22,1) and

(3,12). The composition factors of U? in these cases are given in Table 14.3.

(3.1%) (3,2) (4,1) (5)

(2) (3,1) (4) @) 11 1
1Y 1 1 1 (2,1%) 1
(2,12) 2 1 1 (22,1) 1 1 1
(3,12) 1 2 1
(a) r=4 (b)yr=5

TABLE 14.3. The composition factors of U for partitions of r = 4,5. The
composition factors of U are given by the row labelled \; the multiplicities

of the simple module L#(E) by the column labelled .

14.5. Descriptions in particular cases

In this subsection, we describe the module Gg(S?*) for some particular
tractable examples. In particular, we:
e fully describe G (S*) when ) is a column, row, or two-row partition

(Proposition 14.7);
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e fully describe Gg(S*) when n = 1 (Proposition 14.10);
e compute the dimension of Gg (S )‘) when n = 2 and A is a hook partition,
and furthermore for hook partitions of even length identify Gg(S*) as

a tensor product of known representations (Proposition 14.12).

Proposition 14.7 (Columns, rows and two-row partitions).
17) is a single column. Then Gg(S*) = SK"E.
r) is a single row. Then Gg(S?) = Sym” E.

(i) Suppose \ = (
(i) Suppose X = (
(iii) Suppose X = (r —m,m) is a two-row partition and X\ # (1,1). Then

Go(SH) = vi—mmp,

PROOF. When ) is a column, we observe that SkGR*(E) = 0 and so
Gs(5Y) =2 Sk E. When X consists of at most two rows (and A # (1,1)), the
claim follows from Theorems F and G (or, in the case of a single row, can be
seen clearly from the fact that the skew Garnir relations become relations

exchanging the entries along the row). ([

It is interesting that even the case of n = 1 is nontrivial. When n =1,
the dual Weyl module is easy to describe: VAE = 0 unless ) is a single row,
in which case VAE = Sym” F = E®" of dimension 1. For Gg(S?), again 0
and E®" are the only two possibilities, but both can occur for partitions of
arbitrary length, and the dichotomy of partitions is not straightforward to
describe.

To distinguish between the two possibilities, we require the following
characterisation of the parity of binomial coefficients. This is the case p = 2
of Definition 11.10 and Lucas’s Theorem, for which the results can be stated

particularly concisely.

Definition 14.8. We say the binary addition of integers a and b is carry-free
if, for all ¢, the ¢th binary digits of a and b are not both 1.

Lemma 14.9. Let a,b,c € N.
(i) The binomial coefficient (“jb) is odd if and only if the binary addition

of a and b is carry-free.
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(ii) There exists 1 <i < c¢—1 such that (f) 1s odd if and only if ¢ is not a
power of 2. When this is the case, the minimal i > 1 such that (‘;) 18

odd is the mazximal power of 2 that divides c.

PROOF. Part (i) is a consequence of Lucas’s Theorem, as given (for
example) in [Jam78, Lemma 22.4]. Part (ii) follows from part (i) by writing

c in binary. O

Proposition 14.10. Suppose n = 1 and char K = 2. Then Gg(S*) = 0 if
and only if there exists 1 < j < A1 such that:

° )\; + 1 is not a power of 2; and

° /\2-_~_1 > 2™ where m > 0 is maximal such that 2™ divides )\;- + 1.

When Gg(S?) # 0, we have Gg(S*) = E®".

PROOF. Since n = 1, the set B is a singleton and there is a unique tableau
t with entries in B (having all entries the same). We therefore have that
Go(SY) = 0 if and only if ||t|| € SKGRME), and Gg(S*) = E®" otherwise.

Place permutations leave t unchanged, so the skew Garnir relation labelled
by sets A and B is the sum of |S4p : Sa x Sp| copies of ||t||. That is,

s (Al+[B])!
R a,8) = WWH-

Focusing on skew snake relations, this becomes

MNo+1
R?tlji,j) = < ]i >Ht|’

Thus ||t|| € SKGR(E) if and only if there exists j such that ()‘Q'.H) is odd

(2

+1- The proposition now follows from Lemma 14.9(ii).
O

!/

for some 1 <7 < )\J

This proof of Proposition 14.10 generalises the argument for hook parti-
tions given in Example 13.6. The following corollary of the proposition can

in fact be deduced from that example alone.
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Corollary 14.11 (Hooks when n = 1). Let a,l > 2 with r = a + 1 — 1.
Suppose n = 1, char K = 2, and A\ = (a,1'7) is a hook partition. Then

0 if I is even,

12

G (SY)
E®" ifl is odd.

Our final example concerns hooks when n = 2. Our description includes

a Frobenius twist. Recall that if K is a field of characteristic p, then the
map x — zP is a field endomorphism called the Frobenius endomorphism.
This yields a group endomorphism of GL,,(K) defined by acting entrywise.
Composing this map with the representing group homomorphism of a repre-
sentation V over K yields a new representation, called the Frobenius twist
of V, which we denote Fr(V). Given an element v € V, we denote the

corresponding element of Fr(V') by Fr(v).

Proposition 14.12 (Hooks when n = 2). Let a,l > 2 withr = a+1— 1.
Suppose n = 2, char K = 2, and X\ = (a, 11*1).
(i) Suppose l is even. Then

G (S) = Fr(Sym%_1 FE)®Sym® ! E® det E,

of dimension %al.
(ii) Suppose l is odd. Then dimGg(S*) = (a+1)(1 +1).

ProOF. Write B = {X,Y}, with X <Y, for the basis of E. Given a
tableau ¢, write e>(¢) for the image of ||t|| in Gg(S™).

We consider the spanning set for the skew Garnir relations identified in
Proposition 13.3, with the function ® defined on column semistandard but
not row semistandard tableaux by choosing the right-most box eligible box
in the first row (noting there is no other row with more than one box).

A skew Garnir relation involving only columns other than the first tells
us precisely that in Gg(S?) the entries, except the first, of the first row can
be permuted freely.

The remaining elements of our spanning set we must consider are labelled

by (t,1,1) for some ¢, where either: ¢ is row-and-column semistandard and
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t(1,1) = t(1,2); or the first column of ¢ has all entries Y, ¢(1,2) = X, and
the remainder of the first row is weakly increasing.

For 0 <b<land 0 <m <a-—1,lett,, be the (column semistandard)
tableau of shape A where X appears b times in the first column and m times
in the remaining columns, with the Xs in the first column at the top, and
the Xs in the first row at the left (except possibly the first column). The
tableaux identified in the previous paragraph, labelling the snake relations
we are still to consider, are all of the form ¢;,, for some 0 < b < [ and
0 < m < a— 1. Additionally, if ¢ ,, is one of the identified tableaux and
m = 0, then also b = 0. In these cases, we have:

b+ Dlltpaall + (= Oltpsral| im0 >0,

(14.12.1) RYS 14y =

(I + 1)|[to,ll if b=m=0.

[(1)] Suppose [ is even. Then each relation (14.12.1) above has an odd
total number of summands, and thus is equal to a single tabloid. If ||ty ||
appears as a relation, which is precisely if b is even, then its image in g®(S)‘)
is zero; if it does not, which is precisely if b is odd, then its image in Gg(S?)
is nonzero and is linearly independent of the images of all other tabloids of

that form. Thus
{e(tom) | 0<D <, bodd, 0<m<a—1}

is a basis for Gg(S*). The dimension follows.
Let ¢: G (S*) — Fr(Sym2~! E) ® Sym®~! E @ det E be the map defined
by K-linear extension of

b—1 I—=b—1

(e (tym) =Fr(X 2 Y 2 )@ X"V " g1

for 0 <b<I,bodd, 0 <m < a—1. Since ¢ is a bijection between bases,
it is a linear isomorphism. It is easy to verify that ¢ respects the action of
diagonal elements of GLy(K): the element (§ 2)) € GLa(K) acts on both
eSk(tb,m) and its image by multiplication by a®*™ "=~ By Lemma 5.9, it
then suffices to show ¢ respects the action of elementary transvections.

Let 0<b<,bodd,0<m<a—1. Letg:(é?) € GLy(K) for some

a € K; that is, g is the elementary transvection fixing ¥ and acting on X as
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gX = X +aY. Then
m
ngya—l—m _ Z <m> ij—jya—l—m-i—j

and

Also det g =1, so

0o =33 (7 ) ()0 e tr-sm ),

k=0 j=0 J
Meanwhile,
b m b m o
g (tm) =33 <) ( .)W SK(thims)

i=0 j=0 J

b—1
S (0N (M okt sk

= Z <2k> (j )a T e (th—ok,m—j)
k=0 j=0

where the second equality holds because es"(tb_ivm_j) = 0 when 7 is odd,

so we can relabel via ¢ = 2k. Equivariance is then clear provided that
(?) = (;}C) (mod 2). Indeed this follows from the Lemma 14.9(i) by noting
that the binary addition of ¢ and d is carry-free if and only if the binary
addition of 2c and 2d + 1 is carry-free. Showing that ¢ respects the action
of ({¢) is analogous, and completes the proof.

[(ii)] Suppose [ is odd. Then each relation (14.12.1) above has an even
total number of summands, and thus is either zero or the sum of two distinct
tableaux. The b = m = 0 relation is clearly zero. When m > 0, the relation is

nonzero if and only if b is even. We thus have that e>*(t;,,,) = e (ty11.m_1)

for b even and m > 0, and furthermore that

{e*(tpm) | 0<b< I, beven,0<m<a—1}

U {e™(tpa1) | 0<b<I, bodd}

is a basis for Gg(S*). The dimension follows. O



CHAPTER V

Tensor products of representations of SLy(IF,)

This chapter studies tensor products of representations of the finite
group SLy(F,) over an algebraically closed field K of characteristic p. We
decompose tensor products into indecomposable modules, and investigate a
random walk on the simple representations defined via the tensor product.
This draws from the author’s [McD22].

The relevant modules are introduced in §15.

In §16 we identify decompositions of tensor products of simple modules,
of tensor products of projective indecomposable modules, and of symmetric
and exterior squares.

In §17 we investigate Markov chains defined by tensoring by a fixed
simple module and choosing a non-projective indecomposable summand
of the result. We show our chains are reversible and find their connected
components and their stationary distributions, and draw connections between
these properties of the chain and the representation theory of SLa(F,),
emphasising symmetries of the tensor product.

In this chapter, our representations are over an algebraically closed field
K with prime subfield [F,,, and our group is G = SLy(F),), except possibly
in §15 and §16.1 when we sometimes permit G to be another subgroup of
GL2(K). We define the following notation for a family of sets that will index

the summands of tensor products.
Definition 15.0. For n > m > 1, let the (n,m)-string be the set
(n,m)={n+m-1,n+m-3,...,n—m+3,n—m-+ 1},

and let (n,0) = @.

165
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15. Representations of SLy(F))

In this section we define the modules whose tensor products we will
study in subsequent sections, and provide some additional background on

the representation theory of SLo(F)).

15.1. Simple modules

Write V,, = Sym™ ! E for m > 1, where E is the natural KSLy(F,)-
module (or with some other matrix subgroup G < GLg(K) in place of
SLa(Fp)). Since dim E = 2, the parameter shift means that we are labelling
each module V,,, by its dimension m.

By writing X and Y for the standard basis vectors of E, we can model
Vin as the space of homogeneous polynomials over K of degree m — 1 in two

variables X and Y, with G-action given by
(25)F(X,Y) = f(aX + ¥, bX +dY).

When G > SLy(F), the modules Vi, ..., V], are simple [Alp86, pp. 14-16].
Since the number of p-regular conjugacy classes of SLa(IF,) is precisely p, we
deduce that when G = SLy(F,) the set { V;;, | 1 <m < p} is a complete set
of simple K G-modules.

In particular, we deduce that there is a unique simple K G-module of each

dimension less than or equal to p. Thus the simple modules are self-dual.

15.2. Projective indecomposable modules

When G is finite, let P,,, be the projective cover of V,,. Then when
G = SLy(FF,), the set { P, | 1 < m < p} is a complete set of projective
indecomposable K G-modules.

The projective indecomposable KSLs(F,)-modules are constructed in
[Alp86, pp. 48-52] (using the special case m = 2 of our Proposition 16.2).
We give their descriptions here.

The module P, = V), is projective and simple.

When p = 2, there is only one other projective indecomposable module:
Py, which is of composition length 2 (and hence has composition factors

only V7). For p > 2, all other projective indecomposable modules have
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P o P P,_s P10
Vi Va Vp—1
O O
V-2 Vs
¢ Vp-3 Vo1 )
Vi Va V-1
00 0 00O

FIGURE 15.1. The structures of the projective indecomposable representa-

tions of SLy(F,) in defining characteristic, when p > 2.

composition length 3, and so the only structural information which is missing
is their heart. The heart of Py is V},_o, the heart of P,_; is V5, and for
2 < n < p— 2 the heart of P, is V1 @ Vj—n41; these structures are
illustrated in Figure 15.1.

Note that P, and P, are both p-dimensional, while all other projective

indecomposable K G-modules are 2p-dimensional.

15.3. Block structure of SLy(F,)

From the structure of the projective indecomposable modules, we can
describe the blocks of SLy(IF,) and write down their Brauer trees and the
Cartan matrix. These descriptions are given for interest and completeness;
they are not required in subsequent sections. For definitions of Brauer trees
and Cartan matrices, see [Alp86, Section 17] and [CR62, p. 593] respectively.

The module V, & P, is projective, and hence lies in its own block of
defect 0.

For p = 2, there is only one other block: the principal block, having
Brauer tree a single edge with multiplicity 1. For p > 2, there are two other
blocks: the principal block containing the simple modules of odd dimension,
and a block containing the simple modules of even dimension. It can be seen

directly from the structure of the projective indecomposable modules that
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Vi Voo W Vege 2
OO0 O— @
Voor Vo Vs Veze 2

O O O Q- O—e

FIGURE 15.2. Brauer trees for the blocks of SLa(F,) of nonzero defect, when
p> 2. Here ¢ € {1} and ¢ = p (mod 4).

each of these blocks is a Brauer tree algebra, with the trees illustrated in
Figure 15.2. These trees are described in [Alp86, p. 123].

Since they contain non-projective simple modules, these blocks have
nontrivial defect, and then since the unique nontrivial p-subgroup of G
is cyclic of order p, this is the defect group of each block (alternatively,
given these Brauer trees, the defect groups must be cyclic of order p by the
classification of blocks of cyclic defect).

To write down the Cartan matrix, it is most convenient to give the simple

modules and their covers the ordering
‘/17‘/])—27‘/35 . '7VPT+57‘/p—1>V27‘/p—3) s '5V¥7‘/;3

where € € {+1} and € = p (mod 4). For p = 2, the Cartan matrix is simply

(%?)- For p > 2, let C be the % X % matrix

and let C' = (3) when p = 3. Then, in block diagonal form,

C
C

is the Cartan matrix.
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16. Decompositions of tensor products

In this section we prove the Clebsch—Gordan rule, which describes the
decomposition of tensor products of simple modules. We then use it to
decompose tensor products of projective indecomposable modules and to

decompose symmetric and exterior squares.

16.1. Maps between tensor products

Our proof of the Clebsch—Gordan rule requires two families of maps

between tensor products.

Multiplication map. The first map we require is the multiplication map.
Identifying its kernel leads to a filtration of tensor products of the symmetric

powers.

Definition 16.1. Let p: V,, ® V;, = Vj,4m—1 be the multiplication map,
defined by K-linear extension of u(f ® g) = fg. The dependence of 1 on n

and m is suppressed, since it is always clear from context.

It is easily seen that p is surjective and GLg(K)-equivariant. The follow-
ing result identifying the kernel of y is well-known (see [Glo78, (5.1)], or for
the case m = 2 [Alp86, Lemma 5, p. 50-51] or [Kou90a, Proposition 1.2(a)]).

Proposition 16.2. Suppose G < SLo(K) and suppose n,m > 2. Then the

kernel of v is isomorphic to V,_1 ® Vin—1, and hence there is a short exact

sequence

0 —— Vo1 @Vt —— Vo @ Vip —2 Vierno1 —— 0.

PRroOOF. Consider the map 6: V,_1 ® V,,_1 — V,, ® V,,, defined by K-
linear extension of §(f ® g) = Xf®Yg—Yf ® Xg. Observe that 0 is
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SLy(K)-equivariant: for t = (¢Y) € SLy(K), we have

(fRg) =t(XfeYg—Y[f® Xg)

=(@X +cY)tf @ (bX +dY)tg— (bX +dY)tf ® (aX +cY)tg
= (ad = bo)Xtf @ Ytg — (ad — be)Yif @ Xtg
=det(t)(Xsf®@Ytg—Ytf @ Xtg)
=XtfeYtg—Ytf @ Xtg
—0(t(f @ g).

It is easy to see that im6# < ker . Because p is surjective, we have that

dim(ker ) = dim(V,, ® V;,) — dim(Vyqp—1) = dim(V,,—1 ® Vip—1), and so it

remains only to show that 6 is injective.

Let
ij =XV 2@ XIYM 2 eV ® Vi,

sothat {e;; | 0<i<n—2,0<j<m—2}isalinear basis for V,,_1®@V,,_1.
ForO<r<n+m—4,let

Ur = Geig i3 =7} o Vot @ Vi,

and note that as vector spaces V;,_1 ® V;,—1 = @:ig"b*‘l U,.

Similarly, let
fig = XY @ XTYT T €V, @ Vi,

sothat {fi; | 0<i<n—1,0<j<m—1}isalinear basis for V,, ® Vj,.
ForO<r<n+m-—2,let

W, = <fi,j

i+j=71)k Crx Vo ® Vi,

and note that as vector spaces Vy, ® V;, = @1 " 2Ww,.

Observe that 0(e; ;) = fit1,j — fij+1. Then 6(U,) Cx W;q1, and thus it
suffices to show that 0|y, is injective for each 0 <7 < n+m — 4. Fix r in
this range, and let i9p = max{0,r — (m — 2)} and jp = max{0,r — (n — 2)}

so that U, = (e;,—; | i0 <@ <7 — jo)r. Then the images under 6 of these
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basis vectors for U, are as follows.

O0(eigr—io) = fio+1,0+1—(io+1) — fior+1-i
0(€ip+1,r—(i0+1)) = fio+2,r+1—(io+2) — fio+1,r+1—(io+1)

0(6i0+2,7‘7(i0+2)) = fio+3,7‘+17(i0+3) - fi0+2,7‘+17(’i0+2)

O(€r—(jo+1)go+1) = SFr1-(io+1)jo+1 — Sra1-(jo+2)do+2
0(er—jo.do) = Fr1—jojo = Fra1—Go+1)jo+1

Thus the (r —ig — jo + 1) X (r — ig — jo) matrix representing 6 with respect

to these bases is

1
—1 1
-1 ’
1
—1
which is of full (column) rank. Thus 6|y, is injective as required. O

Remark 16.3. Unlike pu, the map 0 used in the proof of Proposition 16.2 is
not GLga(K)-equivariant. Since t0(f ® g) = det(t)8(t(f ® g)) for t € GLa(K),
we see that 6 is not G-equivariant for any subgroup G which contains a
matrix with determinant not equal to 1. For an extension of this proposition

to such subgroups, see [Glo78, (5.1)].

Corollary 16.4. Suppose G < SLo(K) and suppose 1 < m < n. Then
Vi, @ Vi has a filtration

0=Mp CMp1S---CM CMy=V, 0V
where M; = Vi @ Vi and ‘7\42'/‘7\/_[Z.Jr1 = Vitm—1-2i-

ProoF. By induction on m. The case m = 1 is immediate. For m > 2,
the short exact sequence involving p gives that there is M7 C V,, ® V,,, such
that

My =V 1@ Vi
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and

Vn & Vm/Ml =~ n+m—1-

Applying the inductive hypothesis to M; gives the rest of the filtration.
O

Remark 16.5. The proof of Proposition 16.2 holds equally well if K is of
characteristic 0. In this case the simple modules are also projective and
so the short exact sequences split, and we obtain V,, ® V;,, = @, (n,m) Vi

(recovering the well-known Clebsch-Gordan rule for SU2(C)). The same
decomposition is obtained when G < SLa(K) is finite with p 1 |G|.

Separation map. The second family of maps we require was introduced by
the author in [McD22|, generalising the map ¢ defined in [Glo78, (5.2)]
(corresponding to n = 1 below). These maps allow us to see the inclusion of
the bottom layer of the above filtration into V,, ® V;,,, and they split in more

cases than p does.

Definition 16.6. Forn > 1 and m > 2, let A: V, ® V,;, = Vj,41 ® Vj,—1 be

the map defined by K-linear extension of

_ dg dg
’\(f®g)_Xf®aX+Yf®aY'

The dependence of A on n and m is suppressed, since it is always clear from

context.
Lemma 16.7. The map X is GLo(K)-equivariant.

PROOF. Let t = (2%) € GLy(K), and let f € V,, and g € Vj,,. Then

P P
t)\(f®g):t<Xf®6;;+Yf®aig,)

B dg dg
= (aX + cY)tf®t8—X + (bX + dY)tf@ta—Y

dg dg Jg dg
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and

a(tg)

Mt(f®g)) = th@a( )+th® 5y

0X

So it suffices to show that 38(t 9 — at T+ bt 5y 99 and that (tg) = tag +dt
Without loss of generality, suppose g is a monomlal write ¢ = X'YJ

(where i +j = m — 1). Then tg = (aX + c¢Y)(bX +dY)?, and

d(tg)  O(aX +cY) 00X +dY)

(bX +dY) + (aX + cY)’

ox 0X 0X
ia(aX +cY) 10X +dY) + jb(aX + cY) (bX +dY)’ ™
99 99
=alo+ bta—y
and similarly % = ct <+ dt . (]

Lemma 16.8. Supposen > m and 2 < m < p. Then the map X is surjective.

PROOF. Let f = XY? € V1, g = X9V € V,,_1 be monomials. We
have i +i +j+j =n+m —2>2(m — 1), and hence either i +j > m — 1
or i + 7 > m—1. We show that f ® ¢ € im XA by downward induction
on j whenever ¢ + j > m — 1; then by analogy the same holds whenever
i+ =m -1

Note first that if i +j > m — 1, then ¢ > 1 (since 0 < j < m — 2) and so
%f is a polynomial (in V},).

If j = m — 2, then g = X™2 g0 2X9 _ (m —1)X™ 2 and %g/ =

0X
Then

MxfeXg)=(m-1feg

and m — 1 is invertible (since 2 < m < p), so f ® g € im A.
Now suppose 0 < 7 < m — 2. Then

Y 9
NEfoXg) =G+ Dfog+foX0.

But by the inductive hypothesis + Yre X5y 89 € im \ (since X2 5% has a higher
power of X than g, and the sum of the powers of X in Xf and XaY is

i+7 >m—1). Then since j + 1 is invertible, we have f ® g € im \. O
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Proposition 16.9. Suppose G < SLy(K) and suppose n = m and 2 < m <
p. Then the kernel of A is isomorphic to V,_pm41, and hence there is a short

exact sequence
0 —— Varmit — Va® Vi —25 Vo1 @ Vg —— 0,
PROOF. Define variations on the multiplication map by

1 Vi @ Vi @+ @ Vi, @ Vi, = Vive (r—1) ® Var— (1),
0a® - @fi®@g = firfr@®g g

extended K-linearly, where N = "' ;n; and M = Y. _;m;. Let g, €
Vi ® V,,, be the element

Gn=pm V(X QY -Y0X)® -0 (XY -Y ®X))

m—1
— Z m 1— 'L( 7 1> Xiymflfi ® melfiyi'
1

=

By the first expression, it is clear that tg,, = (dett)™ !g,, for any t €
GLy(K).
Now define a K-linear map n: Vy,_m+1 — Vo ® Vi, by

n(f) = 1P (f 1@ gn)

m—1
— Z m 1— z< 1> inmelfi ® melfiyi'
7

1=

Then for any t € GLy(K), we have tn(f) = (dett)™ n(tf), and so n is
G-equivariant. Clearly the expression above is zero if and only if f =0, son

is injective. Furthermore,

m—2 1
_ Z m 1-— z( _ >(m . Z')fxi-l-lym—l—i ® xm—2-iyi
7

=0

m—1
—1 . ) .
m 1—1 . iy m—1i m—1—iyi—1
XY X Y
+Z < . >2f ®
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where the final equality can be seen by replacing ¢ with ¢ — 1 in the first
sum, and noting that (ml_l)z = (m — 1)(?__12) = (T__ll) (m —4). Thus
Viem+1 =2 imn < ker A.

Since n > m and 2 < m < p, by Lemma 16.8 we have that A is surjective,

and then by counting dimensions we have V,_,,+1 = ker A. U

Remark 16.10. Using Corollary 16.4 and comparing the filtrations of
Vi ® Vi and V11 ® Vi—1, we see immediately that ker A and V,,_,,, 11 have
the same multiset of composition factors (provided A is surjective). In the
case n —m+ 1 < p and G > SLy(FF,), we have that V,,_,,; is simple, and

we could then deduce this proposition immediately without considering 7.

Power map. When decomposing tensor products involving projective mod-
ules, we require also the following isomorphism. We will only require the
case n =2, ¢ = p and G = SLy(IF},), but we prove it more generally as it is
no more difficult. This isomorphism, for representations of the semigroup of

2 x 2 matrices over Fp, is established in [Glo78, (5.3)].

Lemma 16.11. Suppose F, < K is a finite subfield of order q (where q is a
power of p) and G < GLa(Fy). Then there is an isomorphism Vi, @ Vg = V.

PROOF. Let 9: V,, = Vjpq—g+1 be the map defined by ¥ (f(X,Y)) =
f(X9,Y9). Tt is K-linear (indeed, it is the K-linear extension of X‘Y7
X4y47). Then let ¢: V, ® Vy — Vpq be the map defined by K-linear

extension of
e(f®@g) =1(f)g-

We immediately see that ¢ is surjective: given X"Y™4~1-" ¢ Vg, write
r =iq+j with 0 < j < ¢— 1, and then (XY™ 17! @ XJyi-177) =
XTy™=1=" Then ¢ is also injective, since dim(V;, ® V;) = ng = dim(Vp).
To obtain an isomorphism V;, ® V; = V4, it remains only to show that ¢ is

G-equivariant. For this it suffices to show that v is G-equivariant.
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Let t = (‘CLS) € G. Recall that 29 = z for any = € F,, and that

(y + 2)9 = y? + 27 for any y, z in any ring of characteristic p. Then

H(F(X,Y)) = LF(X,Y)
= f((aX + eY)?, (bX + dY)?)
F(aX?+ ¢V, bX7 + dY7)
B(f(aX +cY,bX +dY))
P(EF(X,Y))

as required. O

16.2. Clebsch—Gordan rule

We now obtain the decomposition of tensor products of simple modules.

Here and for the remainder of this chapter we take G = SLa(IF,).

Theorem 16.12 (Clebsch-Gordan rule for SLy(F,) in characteristic p).
Suppose G = SLa(Fp) and 1 < m < n < p. Then

VaoVn PVie PP oln=m=pV,.

1€(n,m)N[p] i€(n,m)N[p]
2p—i¢{n,m)  2p—i€{n,m)

Remark 16.13. We make several immediate observations about the tensor
product of simple modules V,, and V},, (where 1 < m < n < p):
(i) all non-projective indecomposable summands of V,, ® V,,, are simple;
(ii) V,, ® V,,, is semisimple if and only if n +m < p + 1, in which case
Vi@V = @, (n,m) V;, which is exactly the rule for analogously defined
representations of SUs(C) over C;
(iii) Vi, ® Vi, is projective if and only if n = p, in which case V, ® V,,, =
Dicpmynp i ® Lm = p]Vy;
(iv) in the sense of indecomposable summands, V,, ® V;,, is multiplicity-free
unless n = m = p (when V), occurs with multiplicity 2, and all other

indecomposable summands occur only once).

PROOF. Our strategy is to establish two implications. Implication (i) is
that if the theorem holds for (n + 1,m — 1), then it holds for (n,m) (where
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2 <m < n < p—1), which we prove by showing that the short exact sequence
involving A splits in this case. Implication (ii) is that if the theorem holds
for (p — 1,m — 1), then it holds for (p,m) (where 2 < m < p), which we
prove using the short exact sequence involving p. With these implications, it
suffices to show the theorem holds for (n, 1) for 1 < n < p (as illustrated in
the case p = 7 in Figure 16.1). But these cases are trivial, since V,, @ V; = V,,

(and P, =V,), so the theorem follows.

R R

o\.\.\.\.
NN

n 4+ O o °
N Ny
3+ O . .
N
2+ O .
1 - O

FIGURE 16.1. An illustration of how the implications we prove suffice to
prove the entire theorem, in the case p = 7. The dot in position (n,m)
represents the theorem holding for that pair of values, the hollow dots being
the trivial cases with m = 1; the arrows represent the implications we prove

here.

Implication (i)
Suppose the theorem holds for (n+1,m —1) (where 2 < m <n <p-—1);
that is,

Va1 @ Vi = @ Vi & @ P;.

ie(n+1,m—1)N[p] ie(n+1l,m—1)N[p]
2p—i¢{n+1,m—1) 2p—ie(n+l,m—1)

Observe that the proposed decomposition of V,, ® V,, differs from that of

Vat1 ® Vi1 only by an additional summand of V,,_,4+1. Thus to show the
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theorem holds for (n,m), it suffices to show that the short exact sequence
A
00— Vo1 — VoV, — Vo1 ® Vi1 —— 0

from Proposition 16.9 splits.

Let Q = @ic(n+1,m—1)n[p] L be the projective part of V;,11®Vp,—1. Then
2p—i€(n+1,m—1)
the projection of A onto @) splits, and so there is a module W such that

Vi@V, 2WoeQ

and such that there is a short exact sequence

0 —— Vacmt1 w > @ Vi —— 0.

i€(n+1,m—1)N[p]
2p—i¢(n+1,m—1)

It now suffices to show that this sequence splits. Indeed, suppose, towards
a contradiction, the sequence does not split. Then W, and hence V,, ® V,,,
has as an indecomposable summand some non-split extension 7" of V,,_, 41
by a module with composition factors a nonempty subset of {V; | i €
(n+1,m—1)NIp|] }. This set of composition factors does not contain V,,_,+1
itself, so T" is not self-dual. Furthermore, the dual of 7" is not a summand of
W, since Vj,_,4+1 occurs only once as a composition factor of W, and nor is
it a summand of @), since V,,_,, 11 does not occur as the head of any of the
projective summands of (). Thus the dual of T is not a summand of V,, ® V;,,,

contradicting the self-duality of V,, ® V,,,. So the sequence splits as required.

Implication (ii)
Suppose the theorem holds for (p — 1,m — 1) (where 2 < m < p). Then,
using that (p — 1,m — 1) N [p] = (p,m) N [p], we have

Voc1 @ Vi1 E V1 @ EB P

i€ (p,m)N[p]
i#Ep—m—+1

Then by Proposition 16.2 we have a short exact sequence

0 —— Vo1 @ @PZ-HVP®VmL>Vp+m_1*>O.

i€(p,m)N[p]
i#p—m+1
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Thus ;e mynpp Vi 1s isomorphic to a submodule of soc(V, @ V). But
since V), is projective, so is V, ® V};, (as the tensor product of a projective
module with any other module is projective [Alp86, Lemma 4, p. 47]). Thus
Dc (p.m)[p] P; is isomorphic to a submodule of V,, ® V,,,.

The proof is completed by counting dimensions to show that this sub-
module is the entire tensor product, unless m = p when we must identify one
additional summand. Recall from §15 that the projective indecomposable
KSLy(Fp)-modules are 2p-dimensional, except for Py and P, = V), which are
p-dimensional.

Suppose m # p. Then 1 ¢ (p,m) and also p > 2. If m is even, then
p ¢ (p,m) and |{p,m) O [p]] = 2, 50 dim(@Beqpmyrp B) = % - 20 = mp =
dim(V, ® Vi,). If m is odd, then p € (p,m) and |(p,m) N [p]| = 2, so
dim(Be (pmynpp i) =P+ m—1.2p = mp = dim(V,, ® V;,). Thus, in either
case, V@ Vin = Die (p,mynip) Li-

Now suppose m = p. Then 1 € (p, p), and so in the count above one of
the 2p-dimensional modules is replaced with a p-dimensional module, which
leaves us with dim(B;¢ () F2) = dim(V, @ Vp) — p (and if p = 2 then
(p,p) = {1,3} and 692'6(1’710)0[17] P; = P is of dimension p = 2 = p?> — p as
well). Since V), ® V], is projective, these p dimensions must be accounted
for by an additional copy of either P; or V,. Since V), is self-dual, we have
V,®V, = Homg (Vj, V,). Noting that the direct sum of all trivial submodules
of Homg (V,,V}) is Homgg(Vp, Vp), which is isomorphic to Vi by Schur’s
Lemma, we deduce that V; occurs in the socle of V}, ® V,, with multiplicity 1.

Thus the missing summand is V,. ([l

Example 16.14. Let G = SLy(FF,) and p = 17, and we consider V14 ® Vj.
We draw the (14, 9)-string below, and indicate those elements i for which
2p — i € (14,9) by joining i and 2p — i with a dotted line. The unpaired
elements give rise to simple summands, while the paired elements give rise to
projective indecomposable summands; the summand of V14 ® Vg that arises

out of each element of (14,9) N [17] is written below it.
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[

[ [ [

6 8 10 12 14 16 17 18 20
Via@ Ve = Vg & Vg & Vig ® Pio & Piyu © Pis

The pairing-up of ¢ and 2p — ¢ in fact corresponds to an isomorphism
Vopi = B 1i = 1)V
2p—i A v, ® [d Vo

proved in Lemma 16.16.

16.3. Decompositions of tensor products of projective modules

We now use Theorem 16.12 to decompose tensor products of combinations

of simple and projective indecomposable representations of SLa(F)).

We

establish the following decompositions (where we permit descriptions in terms

of tensor products whose decompositions have already been identified).

Theorem 16.15. Suppose G = SLy(F,). For2<n<p—1and2<m <p,

we have
@Pi@ @ng_i@]l[n:m]% ifn>m,
i€(n,m) 1€{n,m)
1<p 12p
N @ P& @ Py, ; ® Pp,(m,n) % @ PZ-692 ifn<m <p,
Pa@Vin = i€{m,n)  i€{m,n) i€{p,m—n—1)
i<p i2p i<p
P e Prter, if m = p,
iG(p,n) i€<p1p_n_1>
1<p 1<p

while for all 1 < m < p we have

Pl @V = Py @ 1[m > 2|(V, @ Vi) @ 1[m = p]Vj,.
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For2 <n,m < p—1 we have

Pn®Pm = (Pn®vm) D (Pm®vn)

(Pp*1®‘/2p—(n+m)) Zf n+m = 2
®
(Pp-1®@Vp11-(ntm)) © (Poam®@Vp—1) if n+m <p,

while for all 1 < m < p we have
Pi®P, = P22 @ 1[p > 2|(Vp—2®P,).

Our proof relies on two key facts: a tensor product involving a projective
module is itself projective [Alp86, Lemma 4, p. 47|, and a projective module
is uniquely determined by its multiset of composition factors. The latter
follows from the invertibility of the Cartan matrix. Thus to determine the
decompositions in Theorem 16.15, it suffices to show that the given tensor
products have the claimed composition factors.

One approach to this is to apply our Clebsch—Gordan rule to every pair of
composition factors from the modules we are tensoring together (we know the
composition factors of the projective indecomposable modules, as recorded
in §15.2). This would allow us to find all the composition factors of the
tensor product, and multiplying by the inverse of the Cartan matrix would
then yield the multiplicities of the projective indecomposable summands.
However, we wish to avoid these onerous calculations.

The approach we take is to use the result below to pair up classes of
(not necessarily simple) modules into classes of projective modules (such
pairings are also made when applying our Clebsch—Gordan rule in the manner
described in Example 16.14). This method avoids using the structure of the

projective indecomposable modules in most cases.
Lemma 16.16. Suppose 1 <n<p—1. Then

Remark 16.17. The structure of the projective indecomposable modules is
known (see §15.2), so this corollary gives us the structure of V; for p 4+ 1 <
1< 2p—1.
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ProOOF. Let 2 < m < p. Via u, we have an isomorphism

v e Y@V
pmet = ‘/p—l ® Vm—l '

Then, applying Theorem 16.12, we have

P reim=0py,
i€{p,m)N[p]
V1D+m—1 =
Vp—m+1 ® @ P;

i€ (p,m)N[p|
i#Ep—m—+1

@ 1[m = p|V),.

~ P,
p—m+1
/Lp—m—i-l

Taking n = p — m + 1 gives the result. ([

Whilst identifying composition factors in the propositions that follow, it

is convenient to use the notation of the Grothendieck group.

Definition 16.18. For an algebra A, the Grothendieck group Go(.A) is the
abelian group with:
e a generator [V] for every A-module V', and

e a relation [W] = [U] 4 [V] for every short exact sequence 0 — U —
W=V —=0.

The important property of the Grothendieck group for our purposes is
that [U] = [V] if and only if U and V have the same multiset of composition
factors. Thus to decompose a projective module, it suffices to write its image
in the Grothendieck group as a sum of classes of projective indecomposable

modules.

Product of a simple and a projective. We begin with the case of a product of

a simple and a projective.
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Proposition 16.19. Suppose 2 < n,m < p—1 (and in particular p > 2).
Then:

@ Po @ Py, & 1[n =m]V, ifm<n,
i€(n,m) i€(n,m)
PV, = 1<p 12p
PBre P rpiePmane PP ifm>n
1€{m,n) 1€{(m,n) i€(p,m—n—1)
i<p izp i<p

PROOF. We have that V,, ® V,,, is isomorphic to a submodule of P, ® V,,,.

Using Lemma 16.16, for 2 <n < p — 1 we have

Py ® Vi

= ‘/prn ® Vm
That is, in the Grothendieck group,
(P @ Vin) = Vi @ Vin] + [Vap—n ® Vi)

Suppose first that m < n. Then by Corollary 16.4, and observing that

(2p —n,m) = 2p — (n,m), we have

[Pa®Vinl= Y WVil+ D [V

i€(n,m) 1€(2p—n,m)
= D Vil + [Vap-il.
i€(n,m)

But Lemma 16.16 tells us that [V;] + [Vap—i] = [Puinfi2zp—iy) + 1[I € {1,2p —
1}][Vp] for 1 < i< 2p—1 and ¢ # p. Thus

[Pa@ Vil = D [P+ Y [Poy-i] + 1L € (n,m)][V;]

ie{n,m) i€({n,m)
1<p i2p
= P rle @ Pyil@ln=mlV),
ie{n,m) iE{n,m)
1<p i2p

which completes the first case.
Now suppose m > n. As before, we use Lemma 16.16 and Corollary 16.4,
and this time we find

[Pa@ Vil = > [Vil+ > [V

ie(m,n) 1€(2p—n,m)
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and we cannot pair up the summands as we did in the case m < n. However,

we do find that
2p—n,m)y={2p—n—-m+1,2p—n—m+3, ..., 2p—n—m+(2n—1),
2p—n—m+(2n+1),...,2p—n+m—-3,2p—n+m—1}
={2p—(m+n—-1),2p—(m+n—-3), ..., 2p—(m—n+1),
2p—(m—n)+1, ..., 2p+(m—n)—3, 2p+(m—n)—1}
=(2p—(m,n)) LU (2p,m—n).

Thus

[Pr® Vil = Y (Vi +Vap-i) + Y [Vi]
i€{m,n)

1€(2p,m—n)
= [Prn @ Vo] + [Vap ® Vi
= [P @ V] + [Pp-1 ® Vin—n],
where the final equality holds because V3, = V5 ® V), by Lemma 16.11 and
Vo ® V), = P,_1 for p > 2 by Theorem 16.12.

We can now use the first case to decompose each of the products in this

sum (or, if m —n =1, simply using P,—; ® Vi = P,_1). The second product
becomes
[Pp—l ® Vm—n] = Z [PZ] + Z [P2p—i]
i€(p—1m-n)  i€(p—1,m—n)
zép 12p

= [Pp*(mfn)] + Z Q[Pi],

i€(p,m—n—1)N[p]

as required. O

Proposition 16.20. Suppose 2 < m < p — 1 (and in particular p > 2).
Then

.- @P@Q @P@Q@P

i€(p,m) i€(p,p—m—1)
i<p iSp

Proor. We have
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Now

2p—m,py={p—m+1Lp—m+3,....3p—m—1}
={pmU{p+m+1,...,3p—m—1}
and so [Vap—m @ Vp] = [V, ® Vi) + [Vap ® Vp—m]. But Vo, = P,_1, so we have

Vp @ Py = (Vp ® Vin) ¥ @ (Ppo1 ® Vo)

Using the modular Clebsch—Gordan rule and Proposition 16.19 gives the

decomposition into indecomposable modules. O

Product of two projectives. Next we deal with the case of a product of two

(non-simple) projectives.

Proposition 16.21. Suppose 2 < m < n < p—1 (and in particular p > 2).
Then

(Pp_l ® Vgp,(n+m)) ifn+m > p,

%
(prl ® V;H—l—(n—l-m)) ® (Prtm ® V}?*l) if n+m <p.

Proor. We have

P, ® P,
—— =P Vop_
Pn®vm n® 2p—m
and
Pn®v2p—m
— =V, Vop—
Vn®v2p—m 2p n & 2p—m
and so

[Pn ® Pm] = [Pn ® Vm] + [Vn ® V2p—m] + [V2p—n ® V2p—m]-
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Now,
2p—m2p—n)y={n—m+1m-n+3,....4p—n—m—1}
=mmyU{n+m+1,....4p—n—m—1}
= (n,m) U (2p,2p — (n + m)).
Thus [Vop—m ® Vop—n] = [Va @ Vin] + [V2p ® V2p—(n+m)]~ But [V, @ Vap—m] +
Vi @ Vin] = [V, ® Py and Vo, = P,y (for p > 2), so

[Pn ®Pm] = [Pn ® Vm] + [Pm ®Vn] + [Pp—l ®V2P*(n+m)]'

If n+m > p, we are done.
. ~ P,
If n+m < p, and since also n+m > 1, we have Vo, _ (5,4 m) = n+m/Vn+m .
Then [Py—1 ® Vap_(n4m)] = [Pp—1 @ Prgm] — [Pp—1 @ Viym]. We use the first

case to decompose
Pp—l & Pn+m = (Pp—l & Vn+m) @ (Pn—i-m & V;)—l) ) (Pp—l @ V;u—l—l—(n—i-m))7

and so [Pp—l ® V2p—(n+m)] - [Pp—l ® Vp-‘rl—(n-i-m)] + [Pn—i-m ® Vp—l] giving the
result. O

Product with P;. We have so far avoided using the structure of the projective
indecomposable modules. Nevertheless, for the case of tensoring with P it is
most convenient to make use of our knowledge of their composition factors.
As described in §15.2, for p = 2 we have [P;] = 2[V4] whilst for p > 2 we
have:
[P] = 2] + [Vp—2],
[Bp-1] = 2[Vpa] + [V2],

[Pi] = 2[Vi] + [Vp—i—a] + [Vp—isa] for2<i<p-—2.
Proposition 16.22. Suppose 1 < m < p. Then
P ® P, = PE2g1p > 2/(Vy_a® Pn).

ProOOF. Immediate from the structure of P;. O
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Proposition 16.23. Suppose 1 <m < p—1. Then

PL® Vi = P @ 1m > 2)(V, ® Vin_a).

PrROOF. The case m = 1 is trivial. For the remaining cases, we have

p > 2. Observe that
[P @ Vin] =2[Vip] + [Vp—2 @ Vil

For m = 2, we have V,_o ® Vo = V,_3@® V,,_1, and so [P ® V5] =
2[Va] + [Vp-3] + [Vp-1] = [P2].
Next suppose 3 < m < p — 2. Then

2Vl + Vo2 @ Vil =2[Veu] + > [Vi]

i€(p—2,m)
= 2[Vin] + Vo] + Vpmm] + D [V
i€(p,m—2)
= [Pr] + [Vp ® Vim—2].
Finally, for m = p — 1, we have
2Vpr] + Vo1 ® Vpmo] = 2[Vpa] + Y [Vi]
i€{p—1,p—2)
= 2[Vp1] + [Vo] + Z [Vi]
i€(p,p—3)
= [Pp—1] + [V, ® Vp—s]
as required. O

This completes the proof of Theorem 16.15.

16.4. Decompositions of symmetric and exterior squares

Invoking the Wronskian isomorphism (Theorem C from Chapter III),
we use our Clebsch—Gordan rule to inductively decompose symmetric and
exterior squares. We find that, for 1 < m < p, the symmetric square Sym? V;,,
contains those summands of V,,, ® V,,, indexed by elements congruent to
2m — 1 modulo 4, while the exterior square /\2 Vi contains those indexed by
elements congruent to 2m + 1 modulo 4.

We first note that the two symmetric squares coincide in this setting.
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Lemma 16.24. Suppose 1 < m < p. Then Sym?V;, = Sym, V;,.

PROOF. This is immediate for p > 2 from Proposition 3.5, and for
m = 1 from observing Sym?V; = Vi = Sym, Vi. For m = p = 2, we have
Vo = E and hence we are required to show that Sym? F = Sym, F. But
(Sym? E)* = (Sym? E)° = Sym, E by Propositions 3.2 and 3.7, so this is
equivalent to the statement that Sym? E = Vj is self-dual. Indeed, from
Lemma 16.16, we have V3 =2 V; @ V5 which is self-dual. O

With the notation V,, = Sym™ ! E, the Wronskian isomorphism for

squares here becomes

(16.25) Symy Vin =2 A? Vi1

for any m > 1. Combining with Lemma 16.24, this becomes
(16.26) Sym? Vi 2 A? Vinat

for 1 <m < p.

Remark 16.27. An isomorphism Sym2 Vi — /\2 Vim+1 can be identified
explicitly for p # 2 without appealing to Theorem C: it can be shown that
the map f-h— XfAYh—-Yf A Xh, where f,h € V,,, is bijective when
p # 2. Up to a scalar, this map can be seen as the inverse to the isomorphism
N Vinar—1 — Sym” V,, of representations of SLy(C) described in [AC07,
§2.5]. Indeed, in the case r = 2, Abdesselam and Chipalkatti’s isomorphism
is given by

PV (8f oh  Of 8h>

2m2\9X 9y 9y 90X

where f,h € V,,41; if the scalar factor is removed, this defines an SLy(K)-

equivariant map, and composing with the map above yields f - h +— 2m f - h.

We need also the well-known short exact sequence
(16.28) 0 — N°U — UU — Sym?*U —— 0

for any module U, which is obtained by identifying /\2 U as the kernel of the
canonical surjection U ® U — Sym? U. In characteristics other than 2, this

becomes the familiar decomposition U ® U = Sym? U & A\’ U (as a small
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consequence of the following theorem, we see that this decomposition of the
tensor square also holds in characteristic 2 when U is a simple representation
of SLa(FFp)).

Theorem 16.29. Suppose G = SLy(F),) and 1 <m < p. Then

Symy Vi 2 Sym* Vi, = P Vi & PR elm=p,

i€(m,m)N[p] i€ (m,m)N[p]
2p—i¢(m,m) 2p—i€({m,m)
i=2m—1 (mod 4) i=2m—1 (mod 4)

and

i€(m,m)N[p] i€ (m,m)N[p]
2p—i¢(m,m) 2p—ie(m,m)
i=2m+1 (mod 4)  i=2m+1 (mod 4)

Proor. We induct on m. The case m = 1 is immediate: Sym, V; = V)
and A\ Vi = 0.
Suppose the proposition holds for some m where 1 < m < p — 1. Then

using (16.26) we have

/\2 Vi1 = Sym2 Vin & @ Vi @ @ P;.
1€(m,m)N|[p] 1€(m,m)N|[p]
2p—i¢(m,m) 2p—i€(m,m)

i=2m—1 (mod 4)  i=2m—1 (mod 4)

Observe that (m+1,m+1)\ (m,m) = {2m+1, 2p— (2m-+1)} has no elements
congruent to 2m — 1 modulo 4. Thus replacing (m,m) with (m + 1, m + 1)

in the above decomposition does not alter the summands; that is

NVmn2  Pvi & P e,

ie(m+1m+1)N[p]  i€(m+1,m+1)N[p]
2p—ig¢(m+1,m+1)  2p—i€(m+1,m~+1)
1=2m—1 (mod 4) i=2m—1 (mod 4)
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as required. Then using the short exact sequence (16.28) and the Clebsch—

Gordan rule, we have

2 ~ Vm 1®Vm 1
Sym* Vi & Vet +//\2 Vi1

Dvi e Er elm+i=m
ie(m+1m+1)N[p]  i€(m+1,m+1)N[p]
2p—i¢(m+1,m+1)  2p—i€(m+1,m+1)

Dvi o Pon

ie(m+1,m+1)Np] i€(m+1,m+1)N[p]
2p—i¢(m+1,m+1)  2p—i€(m+1,m+1)
i=2m—1 (mod 4) i=2m—1 (mod 4)

PBvi e A elm+i=py,
ie(m+1m+1)Np]  i€(m+1,m+1)N[p]
2p—i¢(m+1,m+1)  2p—i€(m+1,m+1)
i=2m+1 (mod 4) i=2m+1 (mod 4)

I

as required. O
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17. Random walk on indecomposable summands

of tensor products

In this section we investigate a new family of Markov chains, defined by
tensoring by a fixed simple module and choosing a non-projective summand
of the result. In §17.1 we investigate the graph on which the walk takes
place; in §17.2 we investigate the walk itself. Let G = SLy(IF,) and p # 2

throughout this section.

17.1. Tables of multiplicities

We examine the table of multiplicities of simple modules as indecompos-
able summands of tensor products of simple modules, as well as the graph
which has this table as its adjacency matrix. This table has symmetries that
reveal properties of the tensor products of representations of G. Furthermore,
the Markov chain defined in Definition 17.14 is shown to be a walk on this
graph, so our observations here aid our understanding of that Markov chain.

We use [ : | to denote multiplicity as an indecomposable summand.

Definition 17.1. For n € [p — 1], let A" be the matrix with entries
AZ(.Z) = [Vi @ V;, : V;]. Let G™ be the (directed) graph (with loops) whose
adjacency matrix is A(™. The parameter n is suppressed unless there is need

to emphasise it.

The matrix A is depicted in Figure 17.1. It is visually apparent that A

is symmetric; this motivates our next result.

Lemma 17.2. Suppose 1 < 4,5,k < p—1. The following are equivalent:
(1) Vi is a summand of V; ® Vj;
(i1) Vi is a summand of V; @ Vi;
(iii) Vj is a summand of Vi, ® V;;
() i+j+k=1(mod2),i+j+k<2p, andk<i+j,i<j+k and
j<k+i.
In particular, A is a symmetric matrix.
PROOF. Observe that (iv) is symmetric in 4, j and k, and so it suffices

to show that (i) and (iv) are equivalent. Indeed, Theorem 16.12 tells us that
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1 2 n
1
2 1 1
1 1 1
1 1 1 1 1
n|1 1 1 1 1 1
1 1 1 1 1 1
1 1 1 1 1 1]p-—mn
1 1 1 1 1
1 1 1
1 1
1 p—1
p—n p—1

FIGURE 17.1. The matrix A (here with n < p —n)

(i) holds if and only if k =i+ j — 1 (mod 2) and max{i —j,j —i} < k <
min{i + j,2p — (i + j)}, which easily rearranges to (iv). O

Thus G can be viewed as an undirected graph (with loops); we do so
from now on. Some small examples of G are depicted in Figure 17.2.

There is another visually apparent symmetry of the adjacency matrix A:
it is invariant under rotation by 180 degrees. We give various interpretations
of this fact in Proposition 17.6. To give these interpretations, we make the

following definitions.

Definition 17.3. Let T be the (p — 1) x (p — 1) matrix defined by T} ; =
[i+J=pl
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ORSORS6) @—g—g
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(a) n=2

=
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I
w

Q & ®
&

(c)n=4 (d)n=5

FIGURE 17.2. The graphs G for p=7and 2<n <p—2

That is, T' is the matrix with 1s on the antidiagonal:

It is the basis-change matrix for reversing the order of the basis, and is
self-inverse. Also:

e left-multiplying by T reflects a matrix in the horizontal midline;

e right-multiplying by T reflects a matrix in the vertical midline;

e conjugating by T rotates a matrix by 180 degrees.
Definition 17.4. Let Q° (—) denote the projective-free part of a module.

Definition 17.5. Let p be the subgroup of the Grothendieck group Go(KG)

generated by classes of projective modules.

Note that Go(KG) can be made into a (commutative) ring via tensoring,
and that p is an ideal of this ring. Recall that a quotient ring is naturally a

(left) module for the original ring by (left) multiplication.
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Proposition 17.6 (Interpretations of rotational symmetry of A).

(a) Vi is a summand of V;@V; if and only if it is a summand of V,_;®@V,_;,
forall1 <i,5,k<p—1.

(b) AW =T A=) = A=)

(c) TAT = A.

(d) The map i — p—i is a graph automorphism of G, and hence the induced
subgraph on even wertices is isomorphic to the induced subgraph on
odd vertices.

(e) Q(VioV;) 200 (Voo @ Vpy) for all1 <i,5 <p—1.

f) VieVil+p=[Vp—i®@Vp—y] +p forall1 <i,j <p-—1.

(9) The K-linear automorphism & of GO(KG)/p defined by £: [Vi] +p —
[Vp—i] +p is Go(KG)-equivariant.

PROOF. Statement (a) and the first equality in (b) are equivalent, and
the second equality in (b) follows from the first since A and T" are symmetric.
The statements (c) and (d) are equivalent, and are implied by (b). The
statement (e) clearly implies (f), and given that the projective-free parts of
the tensor products of simple modules are multiplicity-free sums of simple
modules, both are equivalent to (a).

To see that (g) follows from (b), let I C [p—1] be such that Q°(V; ® V)
@D,c; Vi- Then, by the second equality in (b), we have Q°(V; @ V,_j) =
Dicr Vo—i; thus

I

E(IV; @ Vil +p) = ¢ (Z[m +p)

el
= [Vpil +
il
= [V; ® Vp—i] +p,
as required.
Thus it suffices to show (a) holds. Indeed, condition (iv) of Lemma 17.2

is invariant under taking both ¢ — p —4 and 5 — p — J. O

Remark 17.7. The observations of Lemma 17.2 and Proposition 17.6 can

be seen as observations about the fusion category corresponding to the
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algebraic group SLy(K') described in [AP95, Section 2]. The tensor product
in this category is “reduced”, in a sense which in our setting means “modulo
projectives”. The quotient ring Go(K )/p is known as the fusion ring for this
category. The fusion rules state how reduced tensor products decompose
in this category, and thus are specified by our Lemma 17.2. The observed
symmetries of these fusion rules can be deduced either axiomatically [Mat00,
Axiom 3, p. 183] or as a consequence of the modular Verlinde formula [Mat00,

Theorem 9.5].

We next observe that a certain submatrix of A contains all the information
of A, and use the resulting simplification of the structure of A to identify

the connected components of G.

Definition 17.8. Let A™ be the % X % submatrix of (a conjugate of)
A defined by

7(n) Ag;)_ng_l if n is odd;
i,j

(n)
A2i71,p+172j

if n is even.

That is, if the vertices are reordered to 1,3,...,p—2,p—1,p—3,...,4,2
(the odd integers followed by the even integers, with the former in ascending
order and the latter in descending order), then A is the upper-left block of

A when n is odd and is the upper-right block of A when n is even.

Lemma 17.9. The matriz A has the following properties:
(a) under the ordering 1,3...p—2,p—1,...,4,2, the matriz A is of the

A %

_ if n is odd,
x A
x A
_ if n is even,
A %

where * denotes an unspecified matrix;

(b) ZZ(-Z) =1ifand only if 2|i —j| <r < 2(i+j—1) < 2p —r, where

form

r=mnifn is odd and r = p —n if n is even.
(C) A(p*n) — Z(”)
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(d) A is symmetric;
(e) for 1 <n <p—1, the graph with adjacency matriz A is connected.

PrOOF. By Proposition 17.6(c) we have Agi_12j-1 = Apt1—2ip+1—2;,
and so (under the new ordering) the upper-left and lower-right blocks of A
are the same. Similarly the upper-right and lower-left blocks are the same,
and (a) follows.

The condition for A; ; to be nonzero is obtained from condition (iv) of
Lemma 17.2 with the appropriate values of i and j substituted. Properties
(c) and (d) are easily verified using this condition.

It follows from (b) that A has nonzero entries precisely in a rectangle
bounded by the straight lines determined by these inequalities; we draw
matrix A in Figure 17.3. The connectedness of its graph is then clear provided

r#1. O

Lemma 17.10.
(a) If n is odd, then G is disconnected, with each connected component a
subset of either the odd integers or the even integers.
(b) If n is even, then G is bipartite, with classes the odd integers and the
even integers.

(¢) When the vertices are ordered as 1,3,...,p—2,p—1,p—3,...,4,2,

o 1\
A=A® )
10

ProOOF. Let 1 < i < p— 1. Observe that the neighbours of i are all

we have

elements of (i,n) or (n,7) (according to whether i > n or i < n). Furthermore,
elements of these strings are all of the same parity, which is the parity of
i+ n — 1. Thus if n is odd, the neighbours of i are of the same parity as
1, whilst if n is even, the neighbours of i are of different parity to i. The
statements (a) and (b) are then immediate.

That is, under the new ordering, when n is even the diagonal blocks of A
are zero, and when n is odd the off-diagonal blocks are zero. The expression

as a Kronecker product then follows from Lemma 17.9(a). O
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1 1
2 1 1 1
1 1 1 1 1

3

H-

—
—_
—_
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—_
—_
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—_
—

—_
—_
—_
—_
—_
—_
[y
—_
—_
—_
—_
s

i

11 1 1 1 1 1 1 1 1|e=p*2

1 1 1 1 1 1
1 1 1 1
11 251
p—r p—r+4+2 p—1
2 2 2

FIGURE 17.3. The matrix A (here with » < p —r), where r = n if n is odd

and r = p —n if n is even.

Proposition 17.11.
(a) If n is odd and n > 1, then G has precisely two connected components,
the odd integers and the even integers, and they are isomorphic.

(b) If n is even and n < p — 1, then G is connected.

PRrROOF. For n odd, A is the adjacency matrix for the subgraphs of
G on odd vertices and on even vertices, so (a) follows immediately from
Lemma 17.9(e).

For n even, A is the adjacency matrix for the quotient graph of G with 4
and p — i identified. Again using Lemma 17.9(e), since G is bipartite (with
each of ¢ and p — 7 in a distinct class), to show (b) it suffices to show that i

is reachable from p — ¢ for some 4. Indeed, A has a nonzero diagonal entry
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(at ”TH), and so the two vertices identified to form the corresponding vertex

of the quotient are adjacent. ([l

We conclude this section by finding the degrees of the vertices in G. The
degree of i in G is also the number of nonzero entries in the ith row of A,

and is the number of non-projective indecomposable summands of V; ® V,,.

Definition 17.12. For 1 < i < p— 1, let d(4) be the degree of ¢ in G (where
a loop is considered to contribute 1 to the degree). The dependence of d on

n is suppressed, since it is always clear from context.

Lemma 17.13. For 1 <i<p—1, we have
d(i) = min{i,p —i,n,p — n}.
Furthermore,
p—1
Z d(i) =n(p—n).
i=1

PRrOOF. Clearly d(i) is symmetric in ¢ and n, so for the first equality it
suffices to show that d(i7) = min{i,p — n} when ¢ < n. By Theorem 16.12,
the number of simple non-projective summands of V,, ® V; is the number of
elements j of (n,i) for which 2p — j ¢ (n, ).

If i+ n —1 < p (equivalently, ¢ < p — n) then this is all the elements of
(n, 1), of which there are 7.

If i+n—1 > p (equivalently, i > p — n), then the number of j € (n,1)
such that 2p — j € (n,1i) is

. 4
QV—%n P

5 J+Il[z'+n—1isodd]:i—|—n—p,

andsod(i)=i—(i+n—p)=p—n.
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We now find the sum of the d(7). Let m = min{n,p — n}. We have:
p—1 p—1
Zd(@) = Zmln{lvp - 7:) n,p— n}
i=1 i=1

p—1

=2 Z min{i, m}

=1
-1 m
:2(p2m>m+22y

m(p—1—2m)+m(m+1)

m(p — m)
=n(p—n)
as required. O

17.2. The random walk

‘We now introduce the random walk itself.

Definition 17.14 (Non-projective summand random walk). Fix n € [p —
1], w a function that assigns a positive weighting to each non-projective
indecomposable K G-module, and v a distribution on the non-projective
simple K G-modules. Let the non-projective summand random walk be the
(discrete time) Markov chain on the set of non-projective indecomposable
KG-modules with initial distribution v in which the probability of a step

from U to V is
(n) wWU @V, : V]
Quy = . )
Yy wM)U @V, M]
where the sum is over all non-projective indecomposable modules M (and

[ : ] denotes multiplicity as an indecomposable summand, as in §17.1). The

parameter n is suppressed unless there is need to emphasise it.

Remark 17.15.

(i) If U is a simple non-projective K G-module, Theorem 16.12 implies
that U ® V,, indeed has non-projective indecomposable summands, and that
these summands are simple. Thus the chain is well-defined and remains on

simple non-projective K G-modules throughout. The states of the chain can
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therefore be labelled with the dimensions of the modules, taking values in
the finite set [p — 1].

(ii) Theorem 16.12 implies that the non-projective part of a tensor
product of simple modules is multiplicity-free, so [U @ V,, : M] € {0, 1} for
all M.

(iii) If we were to allow steps to projective indecomposable modules,
these modules would form an absorbing set (in the sense that once the chain
hit a projective module it would stay on projective modules for all time).
This definition allows us to consider a recurrent chain on the (non-projective)
simple modules.

(iv) There are two trivial cases to be excluded: if n = 1, we never step
away from the initial state; if n = p—1, then V,,_; is the unique non-projective
indecomposable summand of V; ® V},_1, so at each step we switch between
the initial state ¢ and p — ¢. From now on we assume 2 <n < p— 2.

(v) If we were to replace SLy(FF,) with an arbitrary group and define
the non-projective summand walk analogously, it may not be clear how
many states our chain has, or whether that number is finite. For SLy(F,),
however, we could have deduced that there are only finitely many states
without explicitly knowing any decompositions: since SLy(F),) has a cyclic
Sylow p-subgroup, all its simple representations are algebraic (in the sense
of satisfying a polynomial over Z in the Green ring), and hence their tensor
powers collectively have only finitely many summands [Cra07, Lemma 1.1,

Corollary 1.6].

An illustrative example of our chain is given below. Note that when
w = 1, the summands are chosen uniformly at random; this case, and the
case where w(i) = i (in which modules are weighted by their dimension), are
described for general n at the end of this section.
Example 17.16. Suppose w = 1 and n = 2. We have that
Vs ifi =1,
VieVe= ViV if2<i<p-2,

Vpo® P, ifi=p-1
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Thus the non-projective summand random walk is a symmetric random walk

in one dimension with reflecting boundaries. The transition matrix is

1
1 1
2 2
1 1
2 2
1 1
2 2
1 1
2 2
1 1
2 2
1

and the stationary distribution is ﬁ(l, 2,2,...,2,1).

Our key observation while studying the non-projective summand random
walk is that it is the random walk on the graph G (defined in §17.1) in which
the probability of moving from a vertex ¢ to a neighbour j is proportional to
w(j). Indeed, the transition matrix @ has nonzero entries precisely where
A (the adjacency matrix for G) does, and the transition probabilities are
proportional to the weighting of the destination. That is,

w(j)
Qij = =4
T Yaepgwd)

We use the properties of G given in §17.1 to shed light on the non-
projective summand random walk. The first relevant property of G is that it
is undirected, which implies that the chain is reversible and diagonalisable and
allows us to find a stationary distribution as demonstrated in the following

proposition.

Proposition 17.17. Let w be the distribution defined by

w(i) Y e pg) wl)
o .

m =

where C = ZmeV(g) ZmyeE(g) w(y).
Then 7 is a stationary distribution in detailed balance with Q, and hence

the random walk is reversible and diagonalisable.
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PROOF. It suffices to verify the detailed balance equations for 7 (noting
that diagonalisability follows from reversibility [PR13, Section 2.4]). Observe:

O - — w(j) w(i) Y iperg) wk) y
zQz,] = ZikeE(g) w(k) C ﬂ[ J € E(g)]
= Y55 ¢ mig)
= m;Qji;
as required. O

That our walk takes place on an undirected graph also implies that
the communicating classes of our Markov chain are all closed (that is, they
are irreducible chains themselves) and they are precisely the connected
components of G. Making use of our results about the connectedness and

periodicity of G, we obtain the following proposition.

Proposition 17.18.

(a) If n is odd, then the non-projective summand random walk is reducible
into two chains, one on the even states and one on the odd states,
which are each irreducible and aperiodic.

(b) If n is even, then the non-projective summand random walk is irre-

ducible and periodic with period 2.

PROOF. The description of the irreducible components follows immedi-
ately from the description of the connected components of G in Proposi-
tion 17.11.

A walk on an undirected graph necessarily has period at most 2 (since
any vertex can be revisited after two steps). The walk has period equal to 2
if and only if the graph contains no odd cycles and no loops, which is if and
only if the graph is bipartite—and the walk is aperiodic otherwise. Thus
the periodicity claims follow from Lemma 17.10(b) and the observation that

when n is odd, each component of G has loops (at % and %) ([l

Remark 17.19. Thus for n even, the chain has a unique stationary dis-

tribution but it does not necessarily converge to it. Meanwhile, for n odd,
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each subchain has a unique stationary distribution which it converges to,
and the stationary distributions of the entire chain are precisely the convex

combinations of these distributions.

If w satisfies w(i) = w(p — i) for all 7, then @ has the same rotational
symmetry as A, and several of the results from §17.1 carry over. Some of
these results are helpful for identifying the eigenvalues of @Q); the rate of
convergence to equilibrium is determined by the second-largest (in absolute
value) eigenvalue, so this in turn is helpful for finding the mixing time for
the Markov chain.

Let Q be the submatrix of (a conjugate of) @ defined analogously to A.

Proposition 17.20. Suppose w(i) = w(p — i) for all i. Then:
(a) QM) =TQwP—") = Qp—")T;
(b) TQT = Q;
(¢) the non-projective summand random walk is invariant under the rela-
belling © — p — i,
(d) if n is odd, the two irreducible subchains are isomorphic;
(6) Q(p_n) — @(n) .
(f) with the vertices are ordered as 1,3,...,p—2,p—1,p—3,...,4,2, we

n+1
_ 0 1
Q=Q®< ) ;
1 0

(9) if n is odd, every eigenvalue of Q has even multiplicity; if n is even,

have

the eigenvalues of Q) come in signed pairs;

(h) the non-projective summand random walk has mizing time bounded by

tmix(€) < ! lo !
mix(© R TDW & € min; (7;)

where A\, = max{|\| | \# 1 is an eigenvalue of Q} and 7 is the

stationary distribution from Proposition 17.17.

PROOF. Statements (a) to (f) are entirely analogous to results in §17.1,
using w(i) = w(p — 7) to deduce that the entries in the desired places of @

are not only nonzero but also equal.
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Once we have the Kronecker product expression in (f), we see immediately
that if Q has eigenvector-eigenvalue pairs {(v1, A1), ..., (vp-1, Ap-1)}, then
2 2

the eigenvector-eigenvalue pairs of ) are, if n is odd

and if n is even
{wi®)n) | 1<i< B uf{(ue (1), ~N) | 1<i< B,

Both parts of (g) then follow.

Statement (h) is obtained by applying [LP17, Theorem 12.4, p. 163]
to each irreducible component with transition matrix Q when n is odd, or
to the lazy chain with transition matrix %(Q + I) when n is even. Indeed,
when n is even, the eigenvalues of Q) coming in signed pairs implies that the
second-largest eigenvalue of %(Q +1)is %; halving the resulting mixing
time to account for the fact that the lazy chain converges at half the rate of

the original yields the required value. ([

In fact, for n even, the eigenvalues still come in signed pairs, regardless
of the weighting: it is always the case that ) has nonzero entries only in the
off-diagonal pT_l X % blocks, and if () is an eigenvector with eigenvalue A
for such a matrix, then (_Z) is an eigenvector with eigenvalue —\.

We conclude by exhibiting our results in the cases w = 1 and w(i) = i.

Recall from Definition 17.12 that d(i) is the degree of i in G.

Example 17.21. Let w = 1. Then

1N

4,3

d(i)’

Qij =

This transition matrix is shown explicitly in Figure 17.4. Trivially
w(i) = w(p — i), and so Q satisfies TQT = Q, and for n odd the the two
irreducible subchains are isomorphic.

By Lemma 17.13 and Proposition 17.17, a stationary distribution is

mln{zvp — ia n,p— n}
n(p —n) '

P =
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1 2 n
1 1
1 1
2 2 2
1 1 1
3 3 3
_1 _1 _1 _1 _1
n—1 n—1 n—1 n—1 n—1
1 1 1 1 1 1
n kS kS 1 ES ES 1
n n n n n n
1 1 1 1 1 1
n n
1 1 1 1 1 1
ES ES ES ES L ES p—n
n n n n n n
_1 _1 _1 _1 _1
n—1 n—1 n—1 n—1 n—1
1 1 1
3 3 3
1 1
2 2
1 p—1
p—n p—1
1 2 n
1 1
1 1
2 2 2
1 1 1
3 3 3
1 1 1 1 1
p—n—1 p—n—1 p—n—1 p—n—1 p—mn—1
1 1 1 1 1 1 p—n
p—n p—n p—n p—n p—n p—n
1 1 1 1 1 1
p—n p—n p—n p—n p—n p—n
n 1 1 1 1 1 1
p—n p—n p—n p—n p—n p—n
1 1 1 1 1
p—n—1 p—n—1 p—mn—1 p—mn—1 p—nm—1
1 1 1
3
1 1
2 2
1 p—1
p—n p—1

FIGURE 17.4. The transition matrix () when w = 1, in the cases 2n < p

(top) and 2n > p (bottom). This choice of w is discussed in Example 17.21.
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Observe that 71" = 7. In particular, this stationary distribution assigns
equal probability to being on an even or an odd state; that is,
1
oy ity
Thus, for n even, the chain converges to the stationary distribution, provided
that the initial distribution v has equal weighting for even and odd states or
that the chain is made lazy by taking the transition matrix to be %(Q +1).
Meanwhile, for n odd, 7 is the stationary distribution with equal weighting
given to the even-state and odd-state walks.

Ifne {%, %}, it can be shown that the eigenvalues of Q) are
{1,-4, 4, (- 2
If n is odd, the eigenvalues of () are the eigenvalues in this set each with
multiplicity 2; if n is even, the eigenvalues are {£1, :t%, Lot I%} (both

cases by the proof of Proposition 17.20(g)). Then by Proposition 17.20(h),
the mixing time of the walk is bounded by

2—1
tmix(g) < 210g <p4a ) :

p—1 p+l
2 0 2

involutive walk defined by Britnell and Wildon [BW22]: up to relabelling the

The case of w = 1 and n € { }, n odd, is an example of an
states, each of our irreducible chains is in their notation the v(%0-involutive
random walk on n, and the occurrence of the eigenvalues stated above is a

consequence of [BW22, Theorem 1.5].

Example 17.22. Suppose w(i) = ¢ for each i; that is, each module has a
chance of being chosen proportional to its dimension. Of course, w(i) #
w(p — i), and so the results of Proposition 17.20 may not hold (in particular,
the two irreducible chains when n is odd are not isomorphic). Nevertheless
we can compute the transition probabilities and the stationary distribution.

For fixed 7 we have

Z j = (number of neighbours of 7) x (mean value of the neighbours of 7)
ijeE(G)

=d(i) x mean{ j | V; is a summand of V; ® V}, }.
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If i + n < p, all of the composition factors of V; ® V,, are summands, and
so their average dimension is max{i,n}, the midpoint of the (i,n)-string or
the (n,i)-string (as appropriate). If i +n > p, the midpoint of the relevant
section of the string is instead

(i—n|+1)+2p—(i+n-—1))

5 = p — min{i,n}.
Also, by Lemma 17.13,
min{i,n if14+n < p,
a(i) = {i,n} p
p —max{i,n} ifi+n=p.
Thus
Z ‘ d(7) max{i,n} ifi+n<p,
] =
ijEE(G) d(i)(p — min{i,n}) ifi+n>=p
in ifi+n <p,
(p—1)(p—n) ifi+n=>p.
Then
% ifi+n<pand 4;; #0,

0 otherwise.
It can be shown that > e, 1> ijer@) = inp(p — n)(2p — n). Then
by Proposition 17.17 a stationary distribution is

i’ ifi+n<
if i +n < p,
p(p—n)(2p—n)
" s
APy if i +n > p.

np(2p —n)



Glossary of symbols

General
G a group
K a field
P a prime; characteristic of K
q a power of p; size of K (if K finite)
n a positive integer; a parameter for matrix groups
r a positive integer; a parameter for the symmetric group
Fp the finite field of order p; the prime subfield of K
U, v K-vector spaces; representations of G over K
d dimension of V'

set of entries for a tableaux; basis for V' (frequently viewed as [d])

Joive homomorphism representing the action of G on V'
1[-] indicator function for propositions (evaluates to 1 if proposition is true, 0 otherwise)
G/H set of (representatives of) the left cosets gH of H in G
H\G set of (representatives of) the right cosets Hg of H in G

F\G/H set of (representatives of) the double cosets FgH of F and H in G

General linear and symmetric groups

GL,(K) general linear group of invertible n X n matrices over K

SL,(K) special linear group of n x n matrices over K with determinant 1

Sy symmetric group on r symbols

E natural representation of GL,,(K) §0.6, p. 13
X; basis element of F

AME a Weyl module for GL,,(K)

VE a dual Weyl module for GL, (K)

LMNE) =soc VA E = A)\E/md AN+ @ simple KGL, (K)-module §4.2, p. 56
— v-weight space of a representation of GL,,(K) Definition 6.1, p. 66
w natural permutation representation of S, §4.1, p. 55
SA = Vg‘ymW, a Specht module for S, §4.1, p. 55
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Schur functor
left-adjoint inverse Schur functor

right-adjoint inverse Schur functor

209

Definition 6.5, p.
Definition 6.12, p.

Definition 6.16, p.

67
74
78

Multilinear algebra

Sym” (upper) symmetric power (a quotient of a tensor power) §0.6, p. 14
Sym,. lower symmetric power (a submodule of a tensor power) §3.2, p. 36
N exterior power (a quotient of a tensor power) §0.6, p. 14

sym restriction to subspace of symmetric type §1.2, p. 18
—* (usual) dual (for representations of any group) §3.1, p. 34
=° contravariant dual (for representations of matrix groups) §3.1, p. 34
v Schur endofunctor Definition 2.3, p. 27
AN Weyl endofunctor Definition 3.9, p. 40
e the map /\)‘/ V — VMV defined by |t| — e(t) §2.2, p. 28
A the map Thx*V — /\X V defined by t + [t; restricts to a map Sym, V — AV

Tableaux combinatorics
|\l size of A, the sum of its parts §1.1, p. 16
(N length of A, the number of its parts §1.1, p. 16
[A] Young diagram of A §1.1, p. 16
Thx? space of tableaux of shape A, isomorphic to the tensor power — §1.1, p. 17
CSYT(A)  column standard tableaux of shape A §1.1, p. 17
RSSYT(\) row semistandard tableaux of shape A §1.1, p. 17
SSYT(A)  semistandard tableaux of shape A §1.1, p. 17
RPP()\) = Hj‘il Srow;[\]> group of row preserving permutations
rstab(t) = stabt N RPP(\), row stabiliser of ¢
CPP()) = Hj‘;l Seol;[]> group of column preserving permutations
[t] row tabloid of ¢ §1.4, p. 19
rsym(t) row symmetrisation of ¢ Definition 3.8, p. 40
|t] (alternating) column tabloid of ¢ §1.5, p. 20
<py~p row ordering on tableaux §1.6, p. 21
<c, e column ordering on tableaux §1.6, p. 21
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e(t) polytabloid of ¢ Definition 2.1, p. 26
o(t) copolytabloid of ¢ Definition 3.11, p. 42
R(t,4,B) a Garnir relation Definition 1.8, p. 23
Rt,i,5) a snake relation Definition 1.10, p. 25
GR* space of Garnir relations
d(1,4,B) a row Garnir relation Definition 3.16, p. 46
(ti(j,;)) @ row snake relation Definition 3.16, p. 46
GYyA space of row Garnir relations
P a function with respect to which snake relations are considered basic
Chapter III, §8
A° box complement of X in the d X ¢ rectangle
J° = c+1—j, label of the column in A° corresponding to column j in A
t° a tableau of shape \° complementary to ¢ §8.2, p. 92
T° permutation in Spyo) obtained from 7 € Sy §8.3, p. 94
(1) the map A'V = A V* (@ det V) Definition 8.1, p. 89
(0) the map ANV — AN V* (@ (det V)®) Definition 8.5, p. 93
S,s surplus (of a tableau or a permutation) §8.2, p. 93
Chapter III, §9
mo =)
Mon,. basis of Sym” E consisting of monomials in X1, ..., X, of degree r
(Mon,.) set of m-tuples of elements of Mon, (indexing a basis for (Sym” E)®™)
= an injection |_|f;(1) Mon, — N §9.1, p. 105
<= lexicographical ordering on monomials §9.1, p. 105
(Mon,)T  set of weakly decreasing mm-tuples of elements of Mon, (indexing a basis for Sym; Sym" E)
(Mon,)T  set of strictly decreasing m-tuples of elements of Mon, (indexing a basis for A™ Sym” E)

unique element of (Mon,,,)7

= f1 ® - ® fm, the tensor product of f §9.1, p. 106
= f1 A+ A fm, the alternating product of f §9.1, p. 106
symmetrisation of f® §9.1, p. 106
an element of A\™ Sym'*™ E Definition 9.3, p. 106
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¢ a map Sym.. Sym' E @ (det EB)&mM/n 5 AM gymlitm B Definition 9.3, p. 106
<3y an ordering on tuples of monomials Definition 9.5, p. 107
w a map (Sym! E)®m ® (Sym™ E)®™ — A" Sym*™ E Definition 9.8, p. 109

Chapter III, §11

T subgroup of SLy(K) of diagonal matrices

B subgroup of SLa(K) of lower triangular matrices

— r-weight space of a representation of SLa(K) (11.1), p. 115

M, = (% (1)), an element of B

D defect set Definition 11.3, p. 116

tmax a tableau labelling a highest weight vector

g carry-free summand relation Definition 11.10, p. 120
Chapter IV

Sk™ skew symmetric power §12.1, p. 135

[2]] skew column tabloid of ¢ Definition 12.1, p. 135

R?tlf AB) a skew Garnir relation Definition 12.2, p. 136

R?tlfm) a skew snake relation Definition 12.3, p. 137

SkGR? space of skew Garnir relations Definition 12.2, p. 136

) the map SKNV —» /\X V defined by ||t|| — |¢| §12.1, p. 136
Chapter V

(n,m) ={n+m—-1,n+m-3,...,n—m+3,n—m+1}, the (n, m)-string Definition 15.0, p. 165

Vin = Sym™ ! E; for m < p, the simple representation of SLy(FF,) of dimension m

P, projective cover of Vi,

I multiplication map V,, ® Vi, = Vi ym—1 Definition 16.1, p. 169

A amap V, ® Vi, = Vi1 ® Vit Definition 16.6, p. 172

Go(—) Grothendieck group Definition 16.18, p. 182

U] isomorphism class of U in the Grothendieck group

[V : U] multiplicity of U as an indecomposable summand of V'

A=A table of multiplicities: matrix with entries AZ(Z‘) =[V;: Vi® V] Definition 17.1, p. 191

G =g graph with adjacency matrix A Definition 17.1, p. 191
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a submatrix of A Definition 17.8, p. 195
matrix with 1s on the antidiagonal Definition 17.3, p. 192
degree of vertex i in G Definition 17.12, p. 198
a weighting function Definition 17.14, p. 199
transition matrix for the non-projective summand random walk Definition 17.14, p. 199

a submatrix of Q™ defined analogously to A




[ABWS2]

[ACO7]

[AFPT19]

[Alp86]

[AM69]

[APY5)

[BCO5)

[BDLT20]

[BW22]

[CHN10]

[CL74]

[CP16]

[CPS96]

[CR62]

Bibliography

Kaan Akin, David A. Buchsbaum, and Jerzy Weyman. Schur functors and
Schur complexes. Advances in Mathematics, 44(3):207-278, 1982.
Abdelmalek Abdesselam and Jaydeep Chipalkatti. On the Wronskian com-
binants of binary forms. Journal of Pure and Applied Algebra, 210(1):43-61,
2007.

Marian Aprodu, Gavril Farkas, Stefan Papadima, Claudiu Raicu, and Jerzy
Weyman. Koszul modules and Green’s conjecture. Inventiones Mathematicae,
218(3):657-720, 2019.

J.L. Alperin. Local Representation Theory: Modular Representations as an
Introduction to the Local Representation Theory of Finite Groups, volume 11
of Cambridge Studies in Advanced Mathematics. Cambridge University Press,
1986.

M.F. Atiyah and I.G. Macdonald. Introduction to Commutative Algebra.
Addison-Wesley Series in Mathematics. Addison-Wesley, 1969.

Henning Haahr Andersen and Jan Paradowski. Fusion categories arising from
semisimple Lie algebras. Communications in Mathematical Physics, 169(3):563—
588, 1995.

Arthur T. Benjamin and Naiomi T. Cameron. Counting on determinants. The
American Mathematical Monthly, 112(6):481-492, 2005.

Georgia Benkart, Persi Diaconis, Martin W. Liebeck, and Pham Huu Tiep.
Tensor product Markov chains. Journal of Algebra, 561:17-83, 2020.

John R. Britnell and Mark Wildon. Involutive random walks on total orders
and the anti-diagonal eigenvalue property. Linear Algebra and its Applications,
641:1-47, May 2022.

Frederick R. Cohen, David J. Hemmer, and Daniel K. Nakano. On the coho-
mology of Young modules for the symmetric group. Advances in Mathematics,
224(4):1419-1461, 2010.

R.W. Carter and G. Lusztig. On the modular representations of the general
linear and symmetric groups. Mathematische Zeitschrift, 136:193—-242, 1974.
Leandro Cagliero and Daniel Penazzi. A new generalization of Hermite’s reci-
procity law. Journal of Algebraic Combinatorics, 32(2):399-416, 2016.
Edward Cline, Brian Parshall, and Leonard Scott. Stratifying endomorphism
algebras. Memoirs of the American Mathematical Society, 124(591), 1996.
Charles W. Curtis and Irving Reiner. Representation theory of finite groups and
associative algebras, volume XI of Pure and Applied Mathematics. Interscience

Publishers, 1962.

213



214

[Cra07]

[CSS13]

[dBPW21]

[DF12]

[DG20]

[EGS08]

[EH02]

[FHO4]

[Ful97]

[GloT78]

[GV85]

[HLP52]

[HNO4]

[Hum?75]

[Jam78]

[Jam80]

[Kin85]

BIBLIOGRAPHY

David A. Craven. Algebraic modules for finite groups. DPhil thesis, University
of Oxford, 2007.

Sergio Caracciolo, Alan D. Sokal, and Andrea Sportiello. Alge-
braic/combinatorial proofs of Cayley-type identities for derivatives of deter-
minants and pfaffians. Advances in Applied Mathematics, 50(4):474-594, Apr
2013.

Melanie de Boeck, Rowena Paget, and Mark Wildon. Plethysms of symmetric
functions and highest weight representations. Transactions of the American
Mathematical Society, 374(11):8013-8043, 2021.

Craig J. Dodge and Matthew Fayers. Some new decomposable Specht modules.
Journal of Algebra, 357:235—-262, 2012.

Stephen Donkin and Haralampos Geranios. Decompositions of some Specht
modules 1. Journal of Algebra, 550:1-22, 2020.

K. Erdmann, J.A. Green, and M. Schocker. Polynomial Representations of
GL,, with an Appendiz on Schensted Correspondence and Littelmann Paths,
volume 830 of Lecture Notes in Mathematics. Springer, 2008.

K. Erdmann and A. Henke. On Ringel duality for Schur algebras. Mathematical
Proceedings of the Cambridge Philosophical Society, 132(1):97-116, 2002.
William Fulton and Joe Harris. Representation Theory, volume 129 of Graduate
Tezts in Mathematics. Springer, 2004.

William Fulton. Young tableaux, volume 35 of London Mathematical Society
Student Texts. Cambridge University Press, 1997.

D.J. Glover. A study of certain modular representations. Journal of Algebra,
51(2):425-475, 1978.

Ira Gessel and Gérard Viennot. Binomial determinants, paths, and hook length
formulae. Advances in Mathematics, 58(3):300-321, 1985.

G.H. Hardy, J.E. Littlewood, and G. Pdlya. Inequalities. Cambridge Mathe-
matical Library. Cambridge University Press, 1952.

David J. Hemmer and Daniel K. Nakano. Specht filtrations for Hecke algebras
of type A. Journal of the London Mathematical Society, 69(3):623-638, 2004.
James E. Humphreys. Linear Algebraic Groups, volume 21 of Graduate Texts
in Mathematics. Springer-Verlag New York, 1975.

G.D. James. The Representation Theory of the Symmetric Groups, volume 682
of Lecture Notes in Mathematics. Springer-Verlag, 1978.

G.D. James. The decomposition of tensors over fields of prime characteristic.
Mathematische Zeitschrift, 172:161-178, 1980.

Ronald C. King. Young tableaux, Schur functions and SU(2) plethysms. Journal
of Physics A: Mathematical and General, 18(13):2429-2440, 1985.



[KNO1]

[Kou90a]

[Kou90b]

[Kou91]

[Lan02]

[LP17]

[Mac98]

[Mat99)]

[Mat00]

[McD21]

[McD22]

[McD23]

[Mur80]

[McDW22]

[PR13]

[PW21]

BIBLIOGRAPHY 215

Alexander S. Kleshchev and Daniel K. Nakano. On comparing the cohomology
of general linear and symmetric groups. Pacific Journal of Mathematics, 201:339—
355, 2001.

Frank M. Kouwenhoven. The A-structure of the Green ring of GL(2,F,) in
characteristic p, I. Communications in Algebra, 18(6):1645-1671, 1990.

Frank M. Kouwenhoven. The A-structure of the Green ring of GL(2,F,) in
characteristic p, II. Communications in Algebra, 18(6):1673-1700, 1990.
Frank M. Kouwenhoven. Schur and Weyl functors. Advances in Mathematics,
90(1):77-113, 1991.

Serge Lang. Algebra, volume 211 of Graduate Texts in Mathematics. Springer-
Verlag New York, 2002.

David A. Levin and Yuval Peres. Markov Chains and Mixing Times, Second
Edition. American Mathematical Society, 2017. With contributions by Elizabeth
L. Wilmer.

I.G. Macdonald. Symmetric Functions and Hall Polynomials. Oxford classic
texts in the physical sciences. Clarendon Press, 1998.

Andrew Mathas. Twahori—Hecke algebras and Schur algebras of the symmetric
group, volume 15 of University Lecture Series. American Mathematical Society,
1999.

Olivier Mathieu. Tilting modules and their applications. In Analysis on Ho-
mogeneous Spaces and Representation Theory of Lie Groups, Okayama-Kyoto,
pages 145212, Tokyo, Japan, 2000. Mathematical Society of Japan.

Eoghan McDowell. The image of the Specht module under the inverse Schur
functor in arbitrary characteristic. Journal of Algebra, 586:865-898, November
2021.

Eoghan McDowell. A random walk on the indecomposable summands of tensor
products of moduler representations of SLa(F,). Algebras and Representation
Theory, 25:539-559, April 2022.

Eoghan McDowell. Flagged Schur polynomial duality via a lattice path bijection.
Electronic Journal of Combinatorics, 30(1):P1.5, January 2023.

Gwendolen Murphy. On decomposability of some Specht modules for symmetric
groups. Journal of Algebra, 66(1):156-168, 1980.

Eoghan McDowell and Mark Wildon. Modular plethystic isomorphisms for
two-dimensional linear groups. Journal of Algebra, 602:441-483, July 2022.
Giovanni Pistone and Maria Piera Rogantin. The algebra of reversible Markov
chains. Annals of the Institute of Statistical Mathematics, 65(2):269-293, 2013.
Rowena Paget and Mark Wildon. Plethysms of symmetric functions and repre-

sentations of SL2(C). Algebraic Combinatorics, 4(1):27-68, 2021.



216

[Sta99]

[Sta01]

[Will4]

[Wil20]

BIBLIOGRAPHY

Richard P. Stanley. Positivity problems and conjectures in algebraic combina-
torics. In Mathematics: Frontiers and Perspectives, pages 295-319. American
Mathematical Society, 1999.

Richard P. Stanley. Enumerative Combinatorics, Volume 2, volume 62 of
Cambridge Studies in Advanced Mathematics. Cambridge University Press,
2001.

Mark Wildon. Notes on polynomial representations of general linear
groups. http://www.ma.rhul.ac.uk/~uvah099/Maths/PolyRepsRevised.pdf,
2007 (revised 2014). Accessed May 26, 2021.

Mark Wildon. A construction of the Carter—Lusztig Weyl module. www.ma.
rhul.ac.uk/~uvah099/Maths/WeylModule.pdf, Feb 2020. Accessed April 25,
2021.


http://www.ma.rhul.ac.uk/~uvah099/Maths/PolyRepsRevised.pdf
www.ma.rhul.ac.uk/~uvah099/Maths/WeylModule.pdf
www.ma.rhul.ac.uk/~uvah099/Maths/WeylModule.pdf

	Declaration of authorship
	Abstract
	Errata and updates
	Acknowledgements
	Introduction
	Chapter I. Multilinear constructions
	1. Tableaux, tabloids and Garnir relations
	2. Two constructions of the Schur endofunctors
	3. Duality and the Weyl endofunctors
	4. Specht modules and Weyl modules

	Chapter II. Polynomial representations of matrix groups
	5. Elementary results on polynomial representations
	6. The Schur functor and its inverses
	7. Dimension reduction functor

	Chapter III. Modular plethystic isomorphisms
	8. Complementary partition isomorphism
	9. Wronskian isomorphism
	10. Hermite reciprocity
	11. Conjugate hook partition non-isomorphism

	Chapter IV. The Specht module under the inverse Schur functor
	12. Quotient construction of the image of the Specht module
	13. Combinatorics of skew Garnir relations
	14. The image of the Specht module in characteristic 2

	Chapter V. Tensor products of representations of SL2(Fp)
	15. Representations of SL2(Fp)
	16. Decompositions of tensor products
	17. Random walk on indecomposable summands of tensor products

	Glossary of symbols
	Bibliography

